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Prelude

Floer homology is in essence the extension of the usual Morse homology of closed
finite-dimensional manifolds to certain infinite-dimensional situations, where the
naive Morse index of a critical point is not necessarily finite, and compactness be-
comes a subtle issue. In these notes we focus on the instanton Floer homology
HF•(N) of a homology three-sphere N, which is the Morse homology of the Chern-
Simons functional CS. Defined on the infinite dimensional space of gauge equiv-
alence classes of SU(2)-connections on N and being circle-valued, this functional
brings in further features not present in classical Morse homology. For one, due to
the presence of reducible connections, the gauge equivalence classes of connections
only form a manifold away from a collection of singular points. Furthermore, since
CS is circle-valued it can occur that gradient flow lines form loops, making the tra-
jectory spaces more subtle to describe.

In order to address the difficulties arising from the definition of the Morse index, we
will introduce the spectral flow of a family of self-adjoint operators between separa-
ble Hilbert spaces, a tool common to all Floer-type theories. Using it, we will be able
to define a relative index between two critical points of CS. This index will only be
Z8-valued however, due to looping gradient flow lines. To circumvent the issues aris-
ing from reducible connections, we will restrict ourselves to homology three-spheres,
for which achieving transversality is easier than for other classes of three-manifolds.
A feature of CS which makes it particularly suited for Morse homology is that its
critical points and gradient trajectories have geometrical interpretations. The critical
points of CS are flat connections on N, and the flow lines are instantons over the
Riemannian tube R × N which join two connections. As we will see, instantons are
a special case of Yang-Mills connections, which allows us to use Uhlenbeck’s com-
pactness theorem to derive the compactness up to broken trajectories of the trajectory
spaces. The invariant we will obtain in the end takes the form of a Z8-graded vector
space over the field Z2. For the usual three-sphere S 3 and the Poincaré homology
sphere P they are given by:

HF•(S 3) = 0, HF•(P) = (0, Z2, 0, 0, 0, Z2, 0, 0).
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Thus the Floer homology groups will be unrelated to the usual homology groups,
and provide a stronger invariant. To conclude, we will investigate further proper-
ties of the Floer groups, such as their relation to the representation-theoretic Casson
invariant, which appears as the Euler characteristic of the Floer groups, and (3+ 1)-
dimensional topological quantum field theories.

We will move according to the following outline. In the first chapter, we introduce
electromagnetism as an example of an abelian gauge theory, familiarise ourselves
with the concepts we will later encounter in the non-abelian setting and provide a
link between gauge theory and topology of three-manifolds via Hodge theory. In the
second chapter, we will then recall principal bundles properly, fix the notation, and
derive the relation between three- and four-dimensional SU(2)-gauge theory. Next,
we will introduce the Chern-Simons and Yang-Mills functionals CS and YM in the
third chapter and analyse the relation between CS-gradient flow lines and instantons,
which are the local minimizers of YM. We will also investigate the local picture
around a critical point of these functionals. In the last chapter we will construct the
trajectory spaces and the Floer homology groups from a chain complex generated by
flat connections, emphasising the Fredholm analysis. We will show independence of
auxiliary data and of the perturbation chosen, where it will be important to restrict to
the case of homology three-spheres.

We assume that the reader is familiar with differential geometry (bundles and con-
nections, Riemannian geometry, de Rham cohomology, Morse homology), algebraic
topology (especially computational tools in (co)homology theories, Poincaré duality,
intersection theory, some homotopy theory), as well as functional analysis (Sobolev
spaces on open domains, differential operators on Rn).

These notes do not contain original work, but merely adapt and combine the liter-
ature on the subject, while supplementing explanations where deemed useful. We
mostly follow Donaldson’s monograph on the topic [1], and apply the treatment of
Morgan’s lecture notes [5] to give the analytical foundations for the Chern-Simons
and Yang-Mills functionals. The first chapter on electromagnetism reshuffles the first
part of the excellent lecture notes by Evans on the Yang-Mills equations [2], and the
appendix bundles statements from multiple sources, most notably the development
of the spectral flow from [17].

I would like to thank my supervisor Prof. Will Merry for guiding me through this
endeavour with frequent and useful meetings. His (virtual) office door was always
open to me, and I appreciated both his technical knowledge in geometry and analysis
and his expertise in the wider world of Floer theories, which often provided helpful
analogies an additional angles of attack during my study of the instanton flavoured
theory.
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Chapter 1

Electromagnetism and Topology

In this chapter we will introduce electromagnetism as a motivational example of an
abelian gauge theory, meaning a theory whose structure group (in our case U(1)) is
abelian. We will encounter some defining characteristics of the theory, such as the
existence of local potentials and gauge symmetry. Furthermore we study the Maxwell
equations, a linear system of equations, to pave the way for the non-linear Yang-Mills
equations that we will study in this thesis. We will see that already the abelian theory
which governs the electro-magnetic fields can recover some homological information
about the underlying space via Hodge theory.

1.1 The Maxwell equations

The electric field E and magnetic field B can be interpreted as two vector fields on R3

which vary with time, i.e. E(t), B(t) ∈ X (R3). The Maxwell equations describe
their evolution by four linear partial differential equations:

∇ · E = ρ ∇× E + ∂
∂t B = 0

∇ · B = 0 ∇× B− ∂
∂t E = j

(1.1)

Here ρ(t) ∈ C∞(R3) is the charge density, and j(t) ∈ X (R3)the current density,
which we consider as fixed parameters. Consider for instance the case ρ = 0 and
j = 0, i.e. the situation free of charges and currents. In this case one has to solve the
homogeneous vacuum Maxwell equations:

∇ · E = ∇ · B = 0
∇× E + ∂

∂t B = ∇× B− ∂
∂t E = 0

(1.2)

The Maxwell equations can be written in vector form as above because space time
R4 = R ×R3 admits global coordinates. But what about other space-time man-
ifolds? The correct notion to use here is the Lorentzian manifold, i.e. a four-
manifold M with a non-degenerate symmetric bilinear form g with signature (1, 3).
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1. Electromagnetism and Topology

As an example, consider Minkowski space R4 with the standard coordinates (t, x, y, z)
and with the metric:

g2 = dt2 − dx2 − dy2 − dz2.

On these more general spaces, we can write the Maxwell equations without reference
to local coordinates in terms of an abstract two-form F ∈ Ω2(M), called the electro-
magnetic tensor. To see this, define F on Minkowski space as folows:

F = Exdt ∧ dx + Eydt ∧ dy + Ezdt ∧ dz + Bxdy∧ dz + Bydz∧ dx + Bzdx ∧ dy.

If we denote the coordinate vector fields on R4 by ∂µ, we can equivalently think of
F as an antisymmetric matrix with entries Fµν = F(∂µ, ∂ν), i.e.:

F =


0 Ex Ey Ez

−Ex 0 Bz −By

−Ey −Bz 0 Bx

−Ez By Bx 0


Furthermore, denote by J = ρdt + jxdx + jydy + jzdz ∈ Ω1(R4) the so called 4-
current. How can we formulate the Maxwell equations using F and J alone, so that
on R4 they reduce to the vector form? For this we need to recall a few differential-
geometric operators defined for a semi-Riemannian manifold (M, g). First, recall
that the Hodge-star operator ?g = ? : Ωk(M) → Ωn−k(M) is characterised by
the property that in local coordinates xi and for a k-form η ∈ Ωk(M) the form ?η

satisfies:
η∧?η =

√
|det(gi j)|dx1 ∧ · · · ∧ dxn.

Intuitively, the Hodge-star extends the correspondence between k-frames and (n− k)-
frames in Rn via the orthogonal complement to families of such frames, and thus also
to differential forms. For instance in Minkowski space we have ?dt = dx ∧ dy ∧ dz
and ?(dx ∧ dy) = dt ∧ dz. Next, the de Rham differential:

d : Ω•(M)→ Ω•+1(M)

is the unique extension of the differential of functions d : C∞(M) 7→ Ω1(M) to
higher forms such that the graded Leibniz rule:

d(η∧ τ) = (dη) ∧ τ+ (−1)|η|η∧ (dτ)

as well as the coboundary identity d2 = 0 are satisfied. Finally, δ = (−1)(n−k)k+1+s?

d? : Ω•(M)→ Ω•−1(M) is the adjoint to d with respect to the L2-metric on k-forms
given by decomposable forms as:

〈〈
∧
i∈I

dxi,
∧
j∈J

dx j〉〉 :=
∫
(M,g)

det(〈∂i, ∂ j〉g) =

∫
M

∧
i∈I

dxi ∧?
∧
j∈J

dx j.

In other words δ is characterized by the property that 〈〈dη, τ〉〉 = 〈〈η, δτ〉〉. Here s
denotes the signature of the metric. So for instance on 2-forms in Minkowski space
we obtain δ = ?d?. This leads us to a new, more invariant formulation of the
Maxwell equations.
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1.1. The Maxwell equations

Theorem 1.1 The Maxwell equations are equivalent to the set of equations for F ∈
Ω2(R4), J ∈ Ω1(R4) :

dF = 0
δF = J

(1.3)

Note that in the absence of currents,we can rewrite this pair of equations equivalently
as a single equation:

∆F = 0

where ∆ : Ω•(M) → Ω•(M) is the operator ∆ = dδ + δd, called the Hodge
Laplacian (cf. A.7) and is intricately linked to the topology of the base manifold.
Forms τ ∈ Ωk(M) which satisfy ∆τ = 0 are called harmonic in analogy to harmonic
functions, to which this definition reduces on 0-forms (i.e. functions).

Proof Consider the first equation dF = 0. We compute:

dF =

(
∂Bx

∂x
+
∂By

∂y
+
∂Bz

∂z

)
dx ∧ dy∧ dz

+

(
∂

∂y
Ex −

∂

∂x
Ey +

∂

∂t
Bz

)
dt ∧ dx ∧ dy + (. . . )

=(∇ · B)dx ∧ dy∧ dz +
(
∇× E +

∂B
∂t

)
z
dt ∧ dx ∧ dy + (. . . ).

From this it is clear that dF = 0 exactly when the second and third Maxwell equa-
tions hold. We compute furthermore:

δF = ?d ? F =

(
∂Ex

∂x
+
∂Ey

∂y
+
∂Ez

∂z

)
dt +

(
∂

∂y
Bx −

∂

∂x
By −

∂

∂t
Ez

)
dz + (. . . )

=(∇ · E)dt +
(
∇× B +

∂E
∂t

)
z
dz + (. . . ).

So the equation δF = J is exactly a reformulation of the first and fourth Maxwell
equation. �

Now it is easy to generalize the Maxwell equations to any Lorentzian manifold
(M, g). A solution to the Maxwell equations on M with given current J ∈ Ω1(M) is
precisely a two-form F ∈ Ω2(M) such that the invariant formulation of the equations
hold:

dF = 0
δF = J

(1.4)

1.1.1 Local potentials

An important feature of these equations is that we can construct solutions from cer-
tain auxiliary and non-physical data. Suppose for a moment that H2(M) = 0 (or

3



1. Electromagnetism and Topology

work with a subset of M that has vanishing second homology), then since any solu-
tion F to the Maxwell equations (1.4) is a closed 2-form, it must in fact be exact,
i.e. there is some A ∈ Ω1(M) such that dA = F. Reformulated in these terms this
potential A for F, the first equation becomes redundant (since d2 = 0), so only need
to look for solutions to:

δdA = J ⇔ ∆A = J

Now one can apply all the tools developed to study the Poisson equation and use
them to solve the system of two equations (1.4). In the general case where M has
non-trivial homology in degree two, one can still apply the same reasoning to a cover
of M via charts with vanishing H2. One just needs to be careful to match up the
solutions over the intersections. We will see in section 2.4 that connection forms
provide an elegant generalisation to this more complicated case, and in this setting
curvature forms will be the analogue of F.

These potentials are in fact not physical quantities, but simply computational aids.
This stems from the fact that a great many potentials correspond to a single physical
situation (i.e. a fixed F). For instance if dA = F, then for any smooth function
f ∈ C∞(M) the potential A + d f is a different plausible potential. We say that
the two potentials A and A + d f are related by a gauge transformation or gauge
equivalent. From the point of view of de Rham cohomology none of these potentials
is privileged, putting them on equal footing. We will meet this gauge symmetry
again in a more general form when we introduce the theory of principal bundles.

1.2 Lagrangian formalism

An important viewpoint on electromagnetism and partial differential equations in
general is the variational approach, in which solutions to a PDE are seen as crit-
ical points of an energy functional. Let us introduce the electro-magnetic energy
functional corresponding to an empty space time M with J = 0 as an example:

Theorem 1.2 (Lagrangian formulation) Suppose that H2(M) = 0. Then the solu-
tions to the vacuum Maxwell equations are exactly the critical points of the electro-
magnetic action functional:

Sem : Ω1(M)→ R, A 7→
1
2

∫
M

dA∧?dA

Proof We compute the derivative of Sem at A in direction ξ ∈ Ω1(M), where we

4



1.3. Magnetostatics on three-manifolds

write F = dA:

d
dt

Sem(A + tξ) =
1
2

d
dt

∫
M
(F + tdξ) ∧?(F + tdξ)

=
1
2

d
dt

(∫
M

F ∧?F + t
∫

M
(dξ ∧?F + F ∧?dξ) + t2

∫
M

dξ ∧?dξ
)

=
1
2

∫
M
(dξ ∧?F + F ∧?dξ) =

∫
M
?F ∧ dξ

= −

∫
M
(d ? F) ∧ ξ

If now A is critical, then we see from the above computation that d ? F = 0 ⇒
δF = 0, hence the vacuum Maxwell equations are satisfied, since dF = d2A = 0.
Similarly, if F is a solution to the Maxwell equations, then it is clearly also critical
for the action, as then d ? F = 0. �

The variational approach can be used to prove existence results, as it gives the PDE
more context. For instance coercivity assumptions on the functional (meaning it
blows up as one moves out to infinity) can under favourable conditions lead to global
minimizers, which are critical. A more advanced approach is to generalize Morse
theory to an infinite-dimensional setting, using the topology of sub-level sets of the
functional to deduce the existence of critical points. We will not go into this any
further though, as we will develop our theory from the other end, meaning that we
will use the number and kinds of solutions to the Yang-Mills PDE as a topological
invariant of the manifold they are defined on. The interested reader is referred to [3]
for more details on the variational approach to PDEs. However for now, let us take a
look at what topological data can be extracted from electro-magnetism already.

1.3 Magnetostatics on three-manifolds

In order to return to a Euclidean situation, we restrict ourselves to magnetostatics,
i.e. the case without an electric field and a constant magnetic field. The Maxwell
equations then read:

∇ · B = 0
∇× B = j

(1.5)

Here B ∈ X (N) is a time-independent vector field on the three-manifold N, which
we assume to be closed. Expressed in terms of the differential forms:

β = Bxdy∧ dz + Bydz∧ dx + Bzdx ∧ dy ∈ Ω2(N)

j = jxdx + jzdy + jzdz ∈ Ω1(N),

we have equivalently:
dβ = 0
δβ = j

(1.6)

5



1. Electromagnetism and Topology

Here ?3 denotes the Hodge operator of N and δ = − ?3 d?3 the adjoint to d with
respect to ?3. We will now further specialize to the situation j = 0, i.e. the situation
without currents to simplify matters further. The main result of this section which
provides the link between magnetostatics on a three-manifold and its topology is the
following result:

Theorem 1.3 (Hodge) In each de Rham coholomogy class there is a unique closed
2-form β such that equation 1.6 holds for j = 0.

Proof We are interested in determining the solutions to the equations of magnetostat-
ics in a vacuum:

dβ = 0∧ δβ = 0⇔ ∆β = 0.

It is an important theorem of Hodge theory that every cohomology class is repre-
sented by a unique harmonic form (see A.47). The heuristic motivation for this is
that the homology class of β is represented in Ω2(M) by an affine plane of the form
β+ dα for α ∈ Ω1(M), and being harmonic is equivalent to being a global minimizer
of the L2-norm functional on that affine plane:

β 7→

∫
M
β∧?3β = ‖β‖

2
L2 .

Notice the similarity to the electro-magnetic energy functional from theorem 1.2. In
order prove existence of such a minimizer, proper function spaces of weak solutions
have to be set up and coercivity of the functional is then shown (essentially the graph
of this functional looks like a potential pot). After that uniqueness follows from
the strict convexity of the functional in this Euclidean setting. After that elliptic
regularity theory can be applied to show that this unique weak solution is in fact a
strong solution, i.e. a smooth harmonic form. �

Denote the space of solutions to the static magnetic Maxwell equations, considered
up to gauge equivalence, called the moduli space of solutions, by M . By this we
mean the set of potentials, but where A and A+ d f are identified for any f ∈ C∞(N).
We have just proven that:

M ' H2(N, R),

so magnetostatics indeed recovers topological information.

6



Chapter 2

Gauge Theory

In this chapter we recall the theory of principal bundles and connections on them
in order to extend the results from the last chapter to non-abelian symmetry groups.
We will also prove some auxiliary results relating connections on a Riemannian tube
R × N to paths of connections on the cross-section N. With this new tools at our
disposal, we will review the electromagnetism as the gauge theory of a trivial U(1)-
principal bundle. Finally, we will gather group-theoretic and differential-geometric
facts about the Lie group SU(2), the structure group of most of the principal bundles
appearing in the coming chapters.

2.1 Principal bundles

Let M be a smooth manifold and let G be a Lie group. A principal G-bundle over
M is a fibre bundle P→ M with typical fibre G together with a smooth and free right-
action Px G which preserves the fibres and acts transitively on a fibre. A principal
bundle is thus locally trivialisable as P|U ' U ×G, and it can be shown that this
trivialisation can be chosen such that the action on P corresponds to the right-action
of G on itself. In analogy to vector bundles, principal bundles can be described using
an atlas and transition functions gαβ : Uα ∩Uβ → G ⊂ Diff(G), see B.11 for more
details. In physics, this local product structure is interpreted as attaching additional
local data (with values in G) to points in space-time (the base manifold M). In the
example of electrodynamics, the correct setting is a U(1)-bundle, so the additional
data is a complex number of unit length. Note that while fibre-wise G ' Px, there is
no canonical way of doing so, i.e. there is no distinguished identity element in a fibre
of P. This ambiguity is what will lead to gauge transformations.

Associated bundles

Principal bundles are non-linear objects, hence one might hope to define linearisa-
tions which recover some of their features. Suppose that we have an atlas of a princi-
pal bundle P with its transition functions gαβ : Uα ∩Uβ → G and let ρ : G → GL(V)

7



2. Gauge Theory

be a representation of G on a finite dimensional vector space. By post-composition,
we obtain a new set of transition functions ρ ◦ gαβ : Uα ∩Uβ → GL(V), which de-
termine a vector bundle with typical fibre V . It furthermore inherits a right action
from the principal bundle we started from, which motivates its name: the associated
bundle to P via the representation (V , ρ), denoted P ×ρ V .

Example 2.1 Denote by ad : G → GL(g) the adjoint representation of G on its Lie
algebra. The associated bundle to P via ad is called the adjoint bundle

ad P := P ×ad g.

It can be seen as the bundle of Lie algebras of the fibres with the corresponding
adjoint action. Since the commutator on g is ad-equivariant in the sense that:

[adg v, adg w] = adg[v, w],

the bundle ad P admits a fibre-wise product [·, ·], which makes its space of sections
Γ(ad P) into an infinite dimensional Lie algebra.

Example 2.2 Let G be a matrix Lie group, i.e. there is an inclusion ι : G ↪→

GL(n, K), where K = R or C. Then we can form the bundle P ×ι Kn, which sim-
ply means that we re-interpret the transition functions gαβ : Uαβ → G as maps into
GL(n, K) instead. In the case of G = O(n) or G = U(n) this associated bundles
is called the bundle of orthogonal/unitary frames, and no information is lost by con-
sidering the frame bundle instead of the initial principal bundle.

Alternatively an associated bundle P ×ρ V can be seen as the quotient of P × V w.r.t.
the equivalence relation [p · g, v] ∼ [p, ρ(g)v] (see also [4], lecture 25). We can
consider ad P- and g-valued forms. They admit some interesting further structure.

Example 2.3 Consider a principal bundle P
π
−→ M and its adjoint bundle ad P. The

latter has a natural product [·, ·] induced from the commutator on g as seen above. It
can be extended to a product

Ωk(M, ad P) ×Ωl(M, ad P)→ Ωk+l(M, ad P)

by letting it act trivially on forms. This extended product is graded-anticommutative,
meaning it satisfies:

[ω, η] = (−1)kl+1[η,ω]

The similarly defined commutator on Ω•(M, g) is graded-anticommutative.

Example 2.4 Let G be a compact Lie group. Then its Lie algebra g admits an ad-
invariant inner product. This can be used to define a Euclidean metric on ad P, de-
noted 〈·, ·〉ad P. For instance in the case of SU(n) this product is given as:

〈s, t〉ad P = − tr(st).
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2.1. Principal bundles

This inner product can be extended to a graded-commutative product

− tr(· ∧ ·) : Ωk(M, ad P) ⊗Ωl(M, ad P)→ Ωk+l(M).

Using the bundle-valued Hodge star operator ? : Ω•(M, ad P) → Ωn−•(M, ad P)
(which acts trivially on the sections of ad P) we can furthermore define a product on
Ωk(M, ad P), given on decomposable elements as:

〈σ ⊗ s, τ ⊗ t〉ad P = − tr ((σ ⊗ s) ∧? (τ ⊗ t)) = (σ∧?τ) 〈s, t〉ad P.

By integration we then obtain an inner product on Ωk(M, ad P):

〈〈α, β〉〉ad P :=
∫

M
〈α, β〉.

Remark 2.5 Note that if G ⊂ GL(n), then it is possible to define a product:

∧ : Ωk(M, g) ⊗Ωl(M, g)→ Ωk+l(M, gl(n)),

by extending the product of matrices. This notation is consistent with the product
− tr(· ∧ ·) we introduced earlier! Notice however that in general the result of this
operation will only be a gl(n)-valued form. Nonetheless there are situations where
the result is a g-valued form. For instance if $ ∈ C (P), then $ ∧$ ∈ Ω2(P, g),
since:

1
2
[$,$] = $∧$.

In the following, whenever such a wedge product appears, it should be understood
that either the result is again a g-form, or that the result is a gl(n)-form, but that it
does not matter in context (as for instance a trace is immediately taken).

Differential forms with values in ad P are related to differential forms on P with
values in g that satisfy certain symmetry conditions, which we will now explain.
Consider a differential form σ ∈ Ωk(P, g). We say that σ is horizontal if it vanishes
on vertical vectors, i.e. if v1, . . . , vk ∈ TpP and dπp[vi] = 0 for some 1 ≤ i ≤ k,
then σp(v1, . . . , vk) = 0. Furthermore, σ is called equivariant if r∗gσ = adg−1 σ.
The set of differential forms which are both equivariant and horizontal is denoted by
Ωk

G(P, g). They are in fact isomorphic as vector spaces to sections of the adjoint
bundle:

Ωk
G(P, g) ' Ωk(M, ad P)

We fix the notation that the isomorphisms will be referred to as [ : Ωk
G(P, g) →

Ωk(M, ad P) and ] : Ωk(M, ad P)→ Ωk
G(P, g).

Princial bundles and trivialisations

In the following chapters we will mostly work with trivial principal bundles, which
are exactly the bundles that admit a global section.

9



2. Gauge Theory

Proposition 2.6 (Local trivialization and local sections) Let P be a principal G-
bundles over M and let U ⊂ M be an open set. Then the following are equivalent:

• There is a local section σ : U → P|U .

• The bundle P|U is trivial.

Proof Let σ ∈ ΓU(P). Then by freeness and smoothness of the action the map
η(x, g) = σ(x) · g : U ×G → P|U is a local trivialization. If on the other hand
ψ : U ×G → P|U is a trivialization, then ψ(·, 1) : U → P|U is a smooth local
section. �

Let ψ : U ×G → P|U be a local trivialization. It induces local trivializations on every
associated bundle B = P ×ρ V via:

ψB : U × V → B|U
(x, v) 7→ [σ(x), v]

It is indeed a trivialization, since it is an injective vector bundle homomorphism
between vector bundles of equal dimension.

2.2 Connections

Recall that a connection one-form on a principal bundle P → M is an element
$ ∈ Ω1(P, g) which satisfies two conditions:

1 Equivariance: For g ∈ G: r∗g$ = adg−1 $

2 Verticality: For v ∈ g: $p(ξv(p)) = v, where ξv ∈ X (P) is the fundamental
vector field corresponding to the infinitesimal action of v ∈ g.

The physical interpretation of a connection is that when a particle moves in the space-
time manifold, there should be an associated movement of the additional data above
the curve, i.e. a parallel transport.

We denote by C (P) the space of all smooth connection one-forms on the principal
bundle P. We also sometimes write C (M) to denote the connections on a trivial
G−bundle over M, and this convention can be applied whenever we introduce a space
dependent on an principal bundle. By fixing a reference connection $0, one can
check that

C (P) = $0 + Ω1(M, ad P)

has the structure of an affine space. Just note that the difference of two connection
forms is both equivariant and horizontal (because of the normalization condition),
hence is represented by a unique element of Ω1(M, ad P). One can thus identify
the tangent space to a connection $ ∈ C (P) with the underlying topological vector
space, i.e. T$C (P) ' Ω1(M, ad P). In particular, C (P) can be endowed with a
Fréchet space structure, which is uniquely defined if M is compact (see also appendix
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2.2. Connections

A.1). We will denote connection forms on four-manifolds by $ and connections on
three-manifolds by ω. As principal bundles are determined by an atlas, connections
forms can also be given locally via a collection of one-forms on the base manifold.
Their precise transformation behaviour is given by the following result.

Proposition 2.7 Let P
π
−→ M be a principal G-bundle (where G ⊂ GL(n, K)) with

trivializing atlas {Uα,ψα} and transition functions gαβ. Let $ ∈ C (P) be a smooth
connection. Let σα : Uα → Uα ×G be the constant 1-section. Define $α := σ∗αψ

∗
α$.

Then on Uα ∩Uβ:
$β = adgαβ $α − dgαβg−1

αβ.

Here −dgαβg−1
αβ = g∗αβϕMC is the pull-back of the Maurer-Cartan form ϕMC ∈

Ω1(G, g), which is the only left-invariant one-form on G such that (ϕMC)1 = id.
Conversely, any collection of one-forms on M satisfying the above identity give rise
to a unique smooth connection on P.

Remark 2.8 Note that if P is a trivial bundle, hence admits a global section σ ∈

Γ(P), a connection is equivalently given by a single Lie-algebra valued one-form on
M, which will be denoted by A on three-manifolds and by A on four-manifolds. We
will call these forms connection potentials. In particular we have C (P) ' Ω1(M, g).
However note also that the representation as a g-valued form depends on the trivial-
ization.

Next, we recall that a connection on a principal bundle induces connections on as-
sociated bundles, in particular on the adjoint bundle ad P. Let $ ∈ C (P) be a con-
nection. The induced connection on ad P is then the unique connection for which
sections of ad P of the form [γ(t), v] are parallel exactly when γ(t) is a parallel sec-
tion of P. We denote the covariant derivative corresponding to this connection by
∇$ : Ω0(M, ad P) → Ω1(M, ad P). Similar to how the de Rham differential is the
unique extension of the Lie derivative of functions L : Ω0(M) → Ω1(M) satis-
fying the graded Leibniz rule, there is an extension of ∇$ to a graded derivation
d$ : Ω•(M, ad P) → Ω•+1(M, ad P), called the exterior covariant derivative. In-
deed if we interpret the Lie derivative as a trivial connection on a trivial line-bundle
(whose sections are precisely the smooth functions) the de Rham differential appears
as its exterior covariant derivative. Explicitly it can be given as:

d$σ =
(
dσ] +$∧ad σ

]
)[

(2.1)

Here ∧ad should be interpreted as acting on sections via the adjoint representation of
g on itself, i.e.

f ∧ad s := ad f (s),

where f ∈ Γ(P, g) and s ∈ Γ(P, g). The extension to forms is then obtained by acting
trivially on the form part. If the base manifold is Riemannian, then we furthermore
define the the 〈〈·, ·〉〉ad P-adjoint of d$, via δ$ = (−1)n(n−k) ? d$?. The inner product
as well as the adjoint depend on the Riemmanian metric. Note that while both the
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2. Gauge Theory

de Rham differential d and its adjoint δ square to zero, the same is not true for the
exterior derivative. Here d2

$τ = R∇ ∧ τ and δ2
$τ = (−1)k(n−k) ? R∇ ∧?τ.

Remark 2.9 In this section we were concerned solely with smooth connections. How-
ever for the analytic treatment which follows it is favourable to work with a Banach
manifold structure on C (P), which can be achieved by considering Sobolev class
sections. More details can be found in the appendix A.1.

Families of connections

Let N be a closed manifold and Q a trivial principal G-bundle over N. Let T be a
smooth manifold. We say that a family of connections ωt on Q, parametrized by
t ∈ T is a smooth family of connections, if the map T → C (Q) induced this way is
smooth as a map between Fréchet manifolds. Fix trivializations of Q and π∗Q, where
π : T × N → N is the projection.

Proposition 2.10 Let T be a smooth finite dimensional manifold and let P be the
trivial G bundle over M = N × T. A smooth family of connections ωt ∈ C (Q)
determines a connection $ ∈ C (P). This assignment is injective.

Proof Let the potential corresponding to ωt be At. We can reinterpret this collection
as a single one-form A ∈ Ω1(N × T , g) via

A(x, t)(v, ξ) := At(x)[v].

This form is smooth, as At was assumed to be a smooth family (cf. A.3). Now again
by 2.7 this determines a connection $ ∈ C (P).

Denote by ιt : N → N × T the inclusion at t ∈ T . Then a connection $ ∈ C (P)
determines connections on slices via:

ωt = ι∗t $.

For the local connection potential this implies At = ι∗t A, which amounts to saying:

At(x)[v] = A(x, t)[v, 0],

from which we see that At is in fact a smooth family (as At is a smooth differential
form). Starting with a family of connections ωt, gluing them together to a single
connection on P, and splitting them up again into a family of connections, we obtain
the same connection we started with, hence the gluing construction is injective. �

The assignment At 7→ A is in general only injective, and not surjective. This is due to
the fact that only connections which are trivial on the T -factor or in temporal gauge
with respect to the trivialisation (meaning that A(x, t)(0, ξ) = 0 for every tangent
vector to T ) can be produced by T -parametrized families of connections through this
construction. However since in dimensions two and above every manifold admits a
non-flat connection, surjectivity is not given. In contrast to that, every connection on
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2.2. Connections

a one-dimensional manifold is flat, since in this case the curvature must vanish. Thus
there always is a way to see a connection with T = R as being in temporal gauge by
choosing an appropriate trivialisation.

Proposition 2.11 For a connection $ ∈ C (P) and T = R, there is always a trivial-
ization such that the local connection potential is in temporal gauge.

Proof Let γx : R → N ×R be the path γx(t) = (x, t). Let σ̃ : N × {0} → P be a
smooth section (which exists, since P|N×{0} is trivial). We extend it to a section on all
of M by:

σ(x, t) = Pγx (σ̃(x, 0)) (t).

By the properties of parallel transport, this section is smooth. Furthermore consider:

σ∗ω(x, t)[0, ∂t] = ω(σ(x, t))[dσ(0, ∂t)].

But since dσ(0, ∂t) is the velocity vector of a parallel lift, it is horizontal, hence
σ∗ω(x, t)[0, ∂t] = 0. Hence the local connection potential corresponding to σ does
not have a dt-term and so is in temporal gauge. �

From this lemma we see that if T = R, no information is lost when splitting up a
connection, since every connection can be put in temporal gauge. Note however that
the precise form of the correspondence between paths in C (Q) and connections in
C (P) depends on the choices of trivialisations.

Curvature

Given a connection $ ∈ C (P), we denote its curvature by Ω$ = Ω ∈ Ω2
G(P, g). By

the Cartan structure formula it can be computed from the connection form as:

Ω = d$+
1
2
[$,$].

Furthermore, it satisfies the Bianchi identity dΩ = [Ω,σ]. The curvature can either
be seen as the obstruction to integrability of the distribution ker$ or as infinitesimal
parallel transport around a parallelogram. In our treatment we will also consider the
corresponding ad P-valued differential form Ω[ ∈ Ω2(M, ad P), also denoted by F$.
This last notation stems from physics, where curvature is a measurable quantity. One
example of this was the the electromagnetic tensor F considered last chapter. The
relation will be made clear when we re-examine the Maxwell equations in a bit. A
direct computation using the Cartan structure formula and the identity 2.1 leads to
the following useful formula:

Proposition 2.12 Let $ ∈ C (P) be a connection and let v ∈ T$C (P) ' Ω1(M, ad P)
be a tangent vector. Then:

F$+tv = F$ +td$v + t2v∧ v. (2.2)
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2. Gauge Theory

Now let us recall the relation between the different curvature tensors on a principal
bundle and its associated bundles.

Proposition 2.13 (Curvature in trivialisation) Let $ ∈ C (P) be a connection on
a principal bundle P, which admits a local trivialization ψ : U ×G → P|U . Under
the induced trivialization ψad P : U × g → ad P|U , the form F$ corresponds to a
g-valued two form FA ∈ Ω2(U, g). Then:

FA = dA +
1
2
[A, A].

Here A is the local connection potential with respect to the trivialization.

Flat connections

A connection $ ∈ C (P) is called flat if F$ = 0. We denote the set of flat con-
nections by R(P). Their defining properties are that their horizontal distributions
ker$ are integrable, meaning that a flat connection is locally trivial. However glob-
ally some non-trivial holonomy may arise from non-contractible loops. Think for
instance of the natural connection on a Möbius strip over S 1. Since flatness also
implies that parallel transport is infinitesimally trivial, it can be shown that the holon-
omy around a based loop only depends on the homotopy class of that loop. So what
we obtain is a representation of the fundamental group into G, i.e. there is a map,
called the holonomy representation:

R(P)→ Hom(π1(M), G).

Note that it is also possible to define a flat connection from an given element of
Hom(π1(M), G). We will see below that up to the right notions of equivalences on
both sides this is in fact a bijective correspondence.

2.3 Gauge transformations

Let P → M be a trivial principal G-bundle. Then given a trivialisation ψ : P →
M ×G, we can define a trivial connection on P via pull-back: $ψ ∈ C (P). We
see that in this way many different connections arise. Consider for instance M =
S 1 and G = U(1). To specify a trivial connection it is enough specify a single
global section which we consider parallel. Thus there is correspondence between
trivial connections and elements of C∞(S 1, U(1)), which is an infinite dimensional
space. Suppose however that we have two such connections $1,$2 corresponding
to parallel sections s1, s2 ∈ C∞(S 1, U(1)). Then there is a morphism of principal
bundles ϕ : P→ P mapping s1 to s2, which has as a consequence that ϕ∗($2) = $1.
Thus, up to rotating each fibre by some amount corresponding to s2(s1)−1, the two
connections have the same properties. We say that they are gauge equivalent and
the morphism ϕ a change of gauge or gauge transformation, since a change of the
way the principal bundle is measured (the gauge) makes one connection go over into
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2.3. Gauge transformations

the other. More generally for non-trivial principal bundles we have the following
definitions:

Definition 2.14 Let P
π
−→ M be a G-principal bundle. The group of gauge trans-

formations is the group of G-equivariant diffeomorphisms of P (i.e. morphisms of
principal bundles) covering the identity:

G (P) =
{
ϕ ∈ Diff(P) : ϕ(p · g) = ϕ(p) · g, π = π ◦ ϕ

}
.

Two connections $1,$2 ∈ C (P) are gauge equivalent if there is a gauge transfor-
mation ϕ ∈ G (p) such that ϕ∗$2 = $1.

We now give a more tractable alternative formulation. Let Ad : G → Diff(G) denote
the homomorphism given by conjugation, i.e. Ad(g)h = ghg−1. Denote by Ad P
the associated fibre bundle Ad P = P ×Ad G. A local section ψ ∈ ΓU(Ad P) has the
shape ψ(x) = [p(x), u(x)], where p : U → P is a smooth section of the original
bundle P and u : U → G is a smooth map, such that:

(p(x) · g, u(x)) = (p(x), Ad(g)u(x)) .

The utility of this construction is that gauge transformations can be seen as sections
of Ad P in the same way an infinitesimal deformation of P can be seen as a section
of ad P.

Proposition 2.15 ([5], Lemma 4.1.2) There is an isomorphism of Fréchet manifolds:

G (P) ' Γ(Ad P)

Remark 2.16 As we have seen in example 2.1, Γ(ad P) admits the structure of an
infinite dimensional Lie algebra. It turns out that it is exactly the Lie algebra to the
infinite-dimensional Lie group Γ(Ad P). See also section 4.2 of [5].

Note that in the case of a trivial bundle P, every associated bundle must be trivial as
well, and hence in such a case the data of a gauge transformation reduces to giving a
map ψ : M → G (like in the introductory example above). Notice that if [M, G] =
π0(G (P)) is non-trivial, we can make a distinction between small and big gauge
transformations, a small one being a transformation such that ψ is null-homotopic, i.e.
can be joined to the trivial automorphism by a smooth path of gauge transformations.
A big one is one which cannot be joined to the identity transformation by a path
inside G (P).

Remark 2.17 Again as for the space of connections of itself, one can endow G (P)
with a Banach space structure, which is done in the appendix A.2. The exact structure
depends on whether one works with three- or four-manifolds, but is always chosen so
that the action of ϕ ∈ G (P) on C (P) given by $ 7→ ϕ∗$ is a smooth action between
Banach manifolds.
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2. Gauge Theory

The term gauge transformation stems from physics, where it refers to the change of
reference frame by which physical quantities are measured, i.e. a change of coordi-
nates for the fibers of a principal bundle. Let us expand a bit on this interpretation.
Consider P → M trivial, with a fixed parametrisation ψ : M ×G → P. Let $ ∈
C (P) be a connection with corresponding connection potential A = ψ(·, 1)∗$ ∈

Ω1(M, ad P). For a gauge transformation ϕ ∈ G (P), the connection ϕ∗$ has connec-
tion potential A′ = ψ(·, 1)∗ϕ∗$ = (ϕ ◦ψ(·, 1)). However, A′ can also be interpreted
as the connection potential corresponding to the connection $, but with respect to
the parametrisation ϕ ◦ ψ. It is thus equivalent to think of gauge transformations as
altering the connections or as altering the underlying principal bundle.

A fundamental concept in the physical theory is that since the change of reference
should not influence the physics, we can think of gauge equivalent connections as
being the same. What is physical (i.e. measurable) however is the curvature, so it
should not be affected by gauge transformations, and indeed it is not:

Proposition 2.18 Let $ ∈ C (P) be a connection and ϕ ∈ G (P) be a gauge trans-
formation. Then:

F$ = Fϕ∗$

The proof is a direct computation. Inspired by this physical thinking, we would like
to work on the moduli space of gauge equivalence classes of connections:

B(P) = C (P)/G (P)

In suitable Sobolev extensions, the action of G (P) on C (P) is smooth, thus at points
[$] ∈ B(P) with discrete stabiliser stabG (P)($) ⊂ G (P) the resulting moduli space
is a smooth Banach manifold. We call such connections irreducible. However in
the other case, i.e. when $ has non-discrete stabiliser (which we call the reducible
case) the moduli space admits singularities. Denote the subset of gauge equivalence
classes of irreducible connections by B∗(P) ⊂ B(P). Reducibility can alternatively
be viewed through the following proposition:

Proposition 2.19 (4.3.3, 4.3.4 in [5]) Let $ ∈ C (P) be a connection. Then:

ker∇$Ad ' stabG (P)($) ' Z (hol($)) ⊂ G.

Here ∇$Ad denoted the induced connection on Ad P, hol($) denotes the holonomy of
the connection (which is well-defined up to conjugacy in G), and Z is the centraliser
of a subgroup.

Now since Γ(ad P) is the Lie algebra of Γ(Ad P), we obtain the following corollary:

Corollary 2.20 In particular the dimension of the stabiliser is given by:

dim stabG (P)($) = dim ker∇$Ad = dim ker d$.
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In other words, a connection is reducible if its holonomy group has a non-discrete
centraliser. We draw attention at this point to conflicting terminology. A connection
can be reducible to a sub-bundle P′ ⊂ P while still being irreducible in the above
sense. Consider a manifold with finite non-abelian fundamental group π1(M) ⊂
SU(2). Then there is a flat connection on the trivial SU(2)-bundle over M with
holonomy π1(M). It can be checked that Z(hol) = {±1}, but clearly this connection
is reducible to a π1(M)-bundle over M. We conclude our preliminary discussion of
the moduli space by describing its local structure at an irreducible connection:

Proposition 2.21 (Coulomb charts) Let $ ∈ C (P) be irreducible. Then there is a
neighborhood 0 ∈ U ⊂ Ω1(M, ad P) and a chart of B∗(P) around [$] given by:{

$̃ = $+ a : δ$a = 0, a ∈ U
}
7→ B∗(P)

This result follows from Hodge theory (cf. A.7). It can be shown that the tangent
space of G (P) ·$ is exactly given by im(d$ : Ω0 → Ω1). Thus if we want to
find a slice of the action, meaning pick a single connection out of each equivalence
classe, we need to fix an orthogonal complement of im d$. But given the choice of
a Riemannian metric, such a complement can explicitly be given by ker(δ$ : Ω1 →

Ω0), which is the motivation for the result above. It has as a consequence that there
is an isomorphism ker δ$ ' T[ω]B

∗(P) via the projection map C ∗(P)→ B∗(P), so
it is warranted to call a vector in ker δ$ horizontal. Correspondingly, the vertical
vectors, which get mapped to 0 under the projection are exactly the ones in im d$.

Flat connections revisited

We indicated above that there was a relation between flat connections on a principal
G-bundle and representations of the fundamental group into G. Denote by R(P) ⊂
B(P) the subset of gauge equivalence classes of flat connections. This is a well-
defined notion, since the curvature of a connection F is gauge-invariant. We can now
state the precise result:

Theorem 2.22 Let P be a principal G-bundle over a manifold M. Then there is an
isomorphism:

R(P) ' Hom(π1(M), G)/G,

which is given by the holonomy representation of a flat connection. Here G acts on
the set Hom(π1(M), G) by conjugation. This isomorphism restricts to:

R∗(P) ' Hom∗(π1(M), G)/G,

where Hom∗(π1(M), G) denotes the irreducible representations.

2.3.1 Moduli spaces on the tube R × N

We have seen in 2.10 that families of connection on a manifold N and connections
in temporal gauge (w.r.t. some fixed trivialisation) on the tube R × N correspond. In
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2. Gauge Theory

what follows we will explore this correspondence on the level of gauge equivalence
classes. Fix trivializations of P → R × N and Q → N. The lemma 2.11 implies
that for this fixed trivialisation and any given connection $ ∈ C (P) there is a gauge
transformation ϕ ∈ G (P) such that ϕ∗$ is in temporal gauge. So for any class in
B(P) there is a lift $ which is temporal. Moreover, any two such lifts $,$′ are
related by a gauge transformation ϕ ∈ G (P) such that dϕ[∂t] = ∂t, where ∂t is the
horizontal lift of (0, ∂t) ∈X (N ×R) w.r.t $. This follows from the fact that dϕ[∂t]
is also a horizontal lift of (0, ∂t) w.r.t. $. Now the gauge group of P is given as:

G (P) ' C∞(R × N, G) ' C∞(R, C∞(N, G)) ' C∞(R, G (Q)),

where we used the smooth exponential law (A.3). Seeing ϕ as a path in G (Q), the
requirement dϕ[∂t] = ∂t means exactly that the path is constant. Thus this procedure
gives rise to a well-defined assignment:

B(P)→ C∞(R, C (Q))/G (Q).

It is now easy to see that this map is both injective (since we pass to the correct
quotient on the right-hand side) and surjective by the gluing construction from 2.10.

Note however that C∞(R, B(Q)) ' B(P) → C∞(R, C (Q))/C∞(R, G (Q)) ,

C∞(R, C (Q))/G (Q), thus considering paths in B(Q) loses some information. In-
deed, every constant path of gauge equivalence classes has a plethora of non-gauge
equivalent lifts in C (P). However we can still get a grip on the path-space of B(Q)
by fixing a way to uniquely lift them to C∞(R, C (Q)), and then proceeding as before.
The main result in this respect is the following:

Proposition 2.23 There is a one-to-one correspondence:{
[$] ∈ B(P) : ιt(δ$ F$) = 0

}
↔ C∞(R, B(Q)).

Here ιt denotes contraction by the vector field ∂t.

Consider a path γ : R→ B(Q). We say that a lift γ̃ : R→ C (Q) of γ is horizontal
if:

δγ̃(t)
d
dt
γ̃(t) = 0.

In other words, a path is horizontal if its velocity vector field is in the distribution
given by the local Coulomb slices. Away from irreducibles, these slices define a pre-
connection on the infinite-dimensional fibre bundle C ∗(Q) → B∗(Q). And similar
to the theory of connections on finite-dimensional bundles, it is always possible to
find such a lift, which is moreover unique up to the choice of a lift of γ(0). It can then
be shown that the existence and uniqueness of this lift extends even to paths which
contain reducible connections. Thus we have the following inclusion:

C∞(R, B(Q))
hor
↪−−→ C∞(R, C (Q))/G (Q) ' B(P).
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Now to finish up the proof of the proposition 2.23, we need to identify the subset of
horizontal paths in B(P). Thus assume that $ ∈ C (P) is a connection which is in
temporal gauge and has come from a horizontal path ωt ∈ C (Q). Note that by 2.13
the fact that $ is in temporal gauge means that:

ιt FA = ιt

(
dA +

1
2
[FA, FA]

)
= ιt (dA) =

dAt

dt
.

Passing to the connection forms again we obtain ιt F$ = dtωt
dt . Thus horizontality is

equivalently described by the condition:

0 = δω(t)
d
dt
ω(t) = δω(t)(ιt F$) = ιt(δ$ F$),

which concludes the proof.

2.4 Maxwell’s equations via principal bundles

After having reviewed the theory of principal bundles, we will now revisit the Maxwell
equations from the previous section in a more general setting, namely that of U(1)
gauge theory. Consider therefore a principal U(1)-bundle P→ M over a Lorentzian
four-manifold (M, g). We were able to reduce the Maxwell equations to the set of
two equations for a two-form F ∈ Ω2(M, R):

dF = 0, δF = J

We already indicated that over contractible neighbourhoods the form F admits a local
potential, i.e. a form A|U ∈ Ω1(U) such that F|U = dA|U , but that for more com-
plicated manifolds one needs to be careful when one glues together different local
potentials. We will now see that a connection $ ∈ C (P) provides an elegant frame-
work to incorporate these compatibility conditions. So how to connections generalize
potentials? Since u(1) = iR, the curvature of $ is an element of iΩ2

U(1)(P, R), or

equivalently i F$ ∈ Ω2(M, ad P). Recall that the Bianchi identity for the curvature
of $ gives us dΩ = [Ω,$]. From this, together with the definition of the induced
connection on the adjoint bundle we obtain:

d$ F$ =
(
d (F$)

] +$∧ad (F$)
]
)[
= (dΩ + [$, Ω])[ = ([Ω,$] + [$, Ω])[ = 0,

which is something very similar to the the first Maxwell equation! In fact, since
U(1) is abelian, its adjoint representation is trivial, and thus d$ = d corresponds
to the usual de Rham differential in some fixed trivialisation. Hence d$ F$ = 0
reads in this trivialization as d F$ = 0 for some F$ ∈ Ω2(M), which is exactly the
first Maxwell equation! Thus it is natural to ask for solutions of the form i FA to the
Maxwell equations, since the first Maxwell equation is always satisfied for geometric
reasons (similar to how working with a potential also automatically solves the first
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2. Gauge Theory

Maxwell equation). In this analogy iA and i$ take on the role of the potential from
last chapter, and i FA and i Fc g become the generalization of the electromagnetic
tensor. The new equations now read for $ ∈ C (P), where we do not require the
bundle to be trivial:

d$i F$ = 0, δ$i F$ = iJ (2.3)

This is a system of equations that reduces to the Maxwell equations in the case G =
U(1), but can a priori be written down for any connection on any principal bundle.
Now let ϕ ∈ G (P) be a gauge transformation of our principal bundle and let ψ ∈
C∞(M, U(1)) be the associated map. If we assume that M is simply connected, we
can write ψ(p) = ei f (p). By the transformation law 2.7, we see that under this gauge
transformation, the connection potential transforms as:

ϕ∗(A) = adϕ A − d(ei f )e−i f = A − (id f )ei f e−i f = A − id f .

Thus we have iϕ∗(A) = iA + d f , which is exactly the form of gauge transformation
we introduced in the first chapter. Here we used the fact that ad is trivial for G =
U(1). In fact because of the commutativity of U(1), the utility of this gauge theory is
somewhat limited, as the space of solutions will always be an affine space (since the
equations are linear), and thus not much information can be obtained this way. Next
chapter we will investigate this set of equations in the case G = SU(2), where the
equations are non-linear, and thus admit more varied and interesting solution spaces.

Now let us also quickly review the Lagrangian formalism. We would like to inter-
pret the second equation as dS ($) = 0 for some functional defined on C (P). We
propose the following:

YM($) =
1
2

∫
M,g
〈F$, F$〉ad P.

Since F$+ta = F$ +td$a + O(t2), the proof of 1.2 shows that indeed the critical
points of this functional are the solutions to the Yang-Mills PDE 2.3.

So to conclude, the critical points of a functional, which also are solutions to a PDE,
give insight into properties of the base space. From the next chapter on we will try to
apply this general principle to the more complicated situation of the classification of
three-manifolds.

2.5 The group SU(2)

So far we have done everything in full generality, however it is important to realize
that the gauge group we will be considering in the following chapters will mostly
be SU(2) =

{
A ∈ C2×2 : det(A) = 1, AA∗ = id

}
, a group with a number of special

properties.
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First, as a smooth manifold, SU(2) is diffeomorphic to the three-sphere S 3. An
explicit diffeomorphism is given by:

Φ : S 3 ⊂ C2 → SU(2) ⊂ C2×2; (α, β) 7→
(
α −β̄

β ᾱ

)
Sometimes it is also useful to think of SU(2) as the group of unit quaternions Sp(1),
which allows for the interpretation of any SU(2)-bundle as a quaternionic vector-
bundle. Going back to the gauge group G (P) of a trivial principal bundle, this diffeo-
morphism to S 3 allows for some explicit computations. Let us look at the case when
the base manifold is three-dimensional. In the following we will usually denote three-
manifolds by N and principal SU(2)-bundles over N by Q. We see that since Q is
trivial we have G (Q) ' C∞(N, S 3), and in particular that π0(G (Q)) ' [N, S 3] ' Z,
given by the degree (e.g. by the Pontryagin-Thom construction [6]). We define the
degree of a gauge transformation ϕ ∈ G (Q) to be the degree of the associated map
ψ ∈ C∞(N, S 3). We will see in the next chapter that the Chern-Simons functional
is invariant under small gauge transformations, but makes discrete jumps under big
gauge transformations, so the difference is worthwhile to keep in mind.

The Lie algebra su(2)

The Lie algebra of SU(2) is given by the traceless skew-adjoint matrices

su(2) =
{
A ∈ C2×2 : tr(A) = 0, A + A∗ = 0

}
.

A basis useful for computation is given by:

σ1 =

(
i 0
0 −i

)
, σ2 =

(
0 1
−1 0

)
, σ3 =

(
0 i
i 0

)
These are the so called Pauli matrices. Finally, let us give a tractable expression
of the Maurer-Cartan form ϕMC ∈ Ω1(SU(2), su(2)). Note that since SU(2) is
parallelizable, its tangent bundle is trivial, and spanned by the fundamental vector
fields corresponding to the σi. With this in mind one can directly verify that the
one-form ϕS 3 ∈ Ω1(S 3, TS 3) given locally by:

ϕS 3 = dx1 ⊗ ∂1 + dx2 ⊗ ∂2 + dx3 ⊗ ∂3 (2.4)

corresponds to the pull-back of ϕMC under the diffemorphism Φ, where we implicitly
identified the forms with values in g with the forms with values in TS 3.
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Chapter 3

Yang-Mills and Chern-Simons

We will now investigate the Yang-Mills functional YM we derived last chapter as a
generalisation of the electromagnetic action. As general critical points of this func-
tional are difficult to construct, we will concentrate on the local minimisers in the spe-
cial case of four-manifolds. They will solve a simpler PDE, the instanton equation,
whose Fredholm properties over compact domains we recall. We will then prove that
instantons over Riemannian tubes correspond to gradient flow lines of a functional
defined on the space of connections of the cross-section, the Chern-Simons func-
tional CS. Its critical points are exactly the flat connections, and the local behaviour
around them is related to the cohomology of the cross-section, twisted by the flat
connection. Finally, we will express the Fredholm index of the deformation operator
for the instanton equation via the spectral flow of the Hessian of the Chern-Simons
functional.

3.1 Yang-Mills Theory

In this section we will be looking at an extension of the electromagnetic action from
the first chapter to arbitrary (potentially non-abelian) gauge groups, the Yang-Mills
functional. Let therefore (Mn, g) be a compact Riemannian manifold and G be a
compact Lie group. Let P→ M be a principal G-bundle.

Definition 3.1 (Yang-Mills functional) Let $ ∈ C (P) be a smooth connection one-
form. We define the action functional:

YM($) =
1
2

∫
M,g
〈F$, F$〉ad P =

1
2
‖F$‖

2
ad P.

For G = U(1), this is exactly the functional which describes electromagnetism on
general U(1)-bundles, as we have seen last chapter.
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3. Yang-Mills and Chern-Simons

Remark 3.2 In Yang-Mills theory, compactness of the base manifold is necessary
to assure convergence of the integral defining YM, and compactness of the structure
group G allows to define an ad-invariant metric on G which can then descend to ad P.

Now we can apply the same treatment to YM as we did for Sem, namely we are
interested in the critical points of this functional, the so called Yang-Mills connec-
tions. But in contrast to the discussion of Sem, we will immediately put everything
on a sound analytical foundation. The correct way to achieve this is to work with
connections and gauge transformations of an appropriate Sobolev regularity (cf. A.1
and A.2). To be precise we will work with connections of class W3,2 and gauge trans-
formations of class W4,2 in the four-dimensional theory. We then have the following
result:

Proposition 3.3 (Extension of YM) The functional YM on a four-dimensional man-
ifold extends to a smooth map C 3,2(P)→ R, which will also be denoted by YM.

Proof The curvature defines a smooth map between Banach manifolds:

F : C 3,2(P)→ W2,2(Ω2(M, ad P)).

Let us first discuss why the map is continuous. We locally have FA = dA + 1
2 [A, A].

Now the exterior derivative is a bounded linear operator between Sobolev spaces
Wk,p → Wk−1,p by proposition A.8. Since we furthermore have the Sobolev embed-
ding W3,2 ↪→ W2,4, the quadratic term 1

2 [A, A] will also be in W2,2, and the assign-
ment is continuous. Now onto smoothness. For this note that for v ∈ T$C 3,2(P) '
W3,2(Ω1(M, ad P)) we have:

F$+tv = F$ +td$v + t2v∧ v.

Thus by fixing a connection, we see that the curvature is a quadratic function, and
by construction all its coefficients are W2,2. So its first and second derivative are
continuous maps W3,2 → W2,2, and since these are the only non-vanishing deriva-
tive, we have shown that F is a smooth map. Now smoothness of YM follows from
the fact that the additional data of an inner product on W2,2(Ω2) is also a bounded
assignment. �

Note however that the precise regularity is of little importance, as we are only inter-
ested in the critical points of YM, which can be shown to be automatically smooth in
the context we need them. The Yang-Mills functional is also invariant under gauge
transformations.

Proposition 3.4 (Gauge invariance of YM) The functional YM on a four-dimensional
manifold descends to a smooth functional on B∗,3,2(P) = C ∗,3,2(P)/G 4,2(P).

Proof The fact that YM(ϕ∗$) = YM($) follows from proposition 2.18, since we
already have F$ = Fϕ∗$. Smoothness can then be verified using the Coulomb charts
from proposition 2.21. �
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3.1. Yang-Mills Theory

We can recover the analogue of the Maxwell equations for the Yang-Mills functional.
The proof is essentially the same as the proof of theorem 1.2.

Proposition 3.5 (Yang-Mills equation) A connection $ ∈ C 3,2(P) (or a class [$] ∈
B∗,3,2(P)) is a critical point of YM exactly when the Yang-Mills equations hold:{

d$ F$ = 0
δ$ F$ = 0

(3.1)

Notice that $ appears both in the curvature and in the exterior derivative, in addition
to the fact that the expression of the curvature already contains a non-linear term.
This makes the Yang-Mills equations a lot harder to solve than the linear Maxwell
equations.

3.1.1 Instantons on four-manifolds

In this section we are going to look at a special class of solutions of the Yang-Mills
equations which appear for bundles in four dimensions. Let (M4, g) be a smooth
Riemannian four-manifold without boundary. It comes with an Hodge-star operator
? : Ω•(M) → Ω4−•(M), which in particular maps 2-forms to 2-forms. Since ?2 =
id on Λ2TpM is a fibrewise involution and ? acts isometrically, the two-forms split
into the ±1-eigenspaces:

Ω2(M) = Ω2
+(M) ⊕Ω2

−(M).

Elements of the positive eigenspace are called self-dual, whereas elements of the neg-
ative eigenspace are called anti-self-dual. Every form α ∈ Ω2(M) admits a unique
decomposition α = α+ + α−, into a self-dual and an anti-self-dual part. Moreover,
the splitting readily extends to differential forms with coefficients, for instance:

Ω2(M, ad P) = Ω2
+(M, ad P) ⊕Ω2

−(M, ad P).

Hence one can ask whether the curvature form F$ is (anti)-self-dual. We call connec-
tions with anti-self-dual curvature instantons. They satisfy the instanton equation:

F+
$ = 0⇔ F$ + ? F$ = 0 (3.2)

Note that the instanton equation has a high degree of symmetry. Since the curvature
is gauge-invariant, if some connection in a gauge equivalence class is an instanton,
then every connection in that class is. Thus the instanton equation can be seen as a
condition on B∗(P). Furthermore, the instanton equation is conformally invariant,
since the Hodge operator on two-forms is invariant under conformal change f ∈
C∞(M) of the metric, i.e. ?g = ? f g. This happens because the contribution of f in
the volume form and the Hodge-operator cancel exactly in this special case.
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3. Yang-Mills and Chern-Simons

Let $ ∈ C (P) be an instanton. It is then indeed a solution to the original Yang-Mills
equations as well, since:

δ$ F$ = ?d$ ? F$ = −? d$ F$ = 0

by the Bianchi identity. The instanton equation thus provides a simpler way to con-
struct Yang-Mills connections in the four-dimensional case. In fact it can be shown
that instantons are exactly the minimizers of the Yang-Mills functional, thus the more
complicated saddle-type critical points cannot be constructed this way. Furthermore,
this is clearly particular to dimension four, since in any other dimension the curvature
is not middle-dimensional, thus it is not possible to speak of ASD curvature forms.
Let us now take a closer look at the set of instantons.

3.1.2 The deformation operator

The self-dual part of the curvature F+ : C (P) → Ω2
+(M, ad P) can be seen as a

smooth map between Banach manifolds of regularity W3,2 → W2,2. In this setting
the set of instantons is then then exactly the pre-image of the zero section, (F+)−1(0).
We would like to investigate the local properties of this set, such as whether it is a
(preferably finite-dimensional) manifold and if so of which dimension. More pre-
cisely, we hope that F+ is a Fredholm map, which means that its differentials are
all Fredholm operators (see A.3 for more details), as this implies that the inverse
image of a regular value is a smooth finite dimensional manifold.

Let thus $ ∈ C (P) be an instanton over M. We consider the linearized instanton
equation, which for v ∈ T$C (P) ' Ω1(M, ad P) reads:

d F+
$[v] = 0⇔ d+$v = 0.

Here d+$ = π+ ◦ d$ is the exterior derivative on Ω(M, ad P) composed with the
orthogonal projection on the space of self-dual forms. Is d+$ Fredholm? Unfortu-
nately not. The problem comes from the the gauge invariance of the Yang-Mills
functional. Since a neighborhood of id ∈ G (P) is diffeomorphic to the infinite di-
mensional space Γ(ad P), any instanton is surrounded by an infinite-dimensional
family of gauge-equivalent instantons. Thus the set of instantons cannot be finite-
dimensional. For partial differential operators on manifolds (such as d+$) one con-
dition which implies the Fredholm property is ellipticity (see A.5). Notice however
that

dim T ∗M ⊗ ad P = 4 dim G > 3 dim G = dim Λ2T ∗M ⊗ ad P,

so that d+$ cannot be elliptic (which was of course to be expected), but rather is
under-determined. This can be remedied by considering the instanton equation
modulo gauge equivalence, i.e. by considering F+ as a map

F+ : B∗(P)→ Ω2
+(M, ad P).
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3.1. Yang-Mills Theory

By working in charts given by the Coulomb gauge, we can see the derivative of this
new mapping as an operator extending d F+:

D$ : Ω1(M, ad P)→ Ω0(M, ad P) ⊕Ω2
+(M, ad P)

α 7→ (−δ$α, d F+
$[α]).

This operator is called the deformation operator and describes the first-order be-
haviour of gauge equivalence classes of instantons around an instanton $. We will
in the discussion of this operator and others like it often abbreviate:

D$ : Ω1(ad P)→ Ω0,2+(ad P)

if no confusion is possible. The principal symbol of D$ is given by:

σD$(ξidxi) = −ιξi∂xi(·) +
1
2
(ξ ∧ ·+ ?ξ ∧ ·) : T ∗M ⊗ ad P→ ad P ⊕Λ2T ∗M ⊗ ad P

which can readily be checked to be an isomorphism for every ξ , 0. Just notice that
the dimension of the target and source now agree, and that for v ∈ kerσD$(ξidxi)
we must have:{ 1

2 (ξ ∧ v + ?ξ ∧ v) = 0
v(ξ]) = 0

⇔

{
v = λξ, λ ∈ R

v(ξ]) = 0
⇔ ξ = 0.

Thus D$ is elliptic, which makes the instanton equation equation on the moduli
space a non-linear elliptic equation. In particular this implies that D$ is Fredholm
(cf. A.22), so has a finite-dimensional kernel. Thus, if 0 is a regular value of F+, then
the space of instantons modulo gauge equivalence is a finite-dimensional manifold
(F+)−1(0) ⊂ B∗(P)!

3.1.3 Instantons on tubes

In the development of the Floer theory we will be interested in the instanton-equation
over non-compact manifolds. We now introduce this generalisation by first looking
at Riemannian tubes, i.e. manifolds of the form M = R × N with a product metric
dt2 + g2. Suppose P → M is a principal SU(2)-bundle, which is necessarily trivial
(as M has the homotopy type of a three-dimensional cell complex, cf. proposition
B.13). What form does the instanton equation take over tubular manifolds such as
M? Denote by ? the Hodge-star operator on M and by ?3 = ?g the Hodge-star on
N. The two are related by the following lemma:

Lemma 3.6 Let ϕ ∈ Ω2(M). Then in local coordinates it is of the following form:

ϕ(x, t) = ψt(x) + dt ∧ χt(x),

with ψt ∈ Ω2(N) and χt ∈ Ω1(N) smooth families. We then have:

?ϕ = ?3χt + dt ∧?3ψt.
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3. Yang-Mills and Chern-Simons

Proof Fix a local coordinate system (t, x1, x2, x3) on M, where t is the standard
positively oriented coordinate. We can assume that (dx1, dx2, dx3) is a positive local
orthonormal frame of T ∗N. Then (dt, dx1, dx2, dx3) is also positively oriented. Every
2-form ϕ on M is locally of the form:

ϕ(x, t) = ai, j(x, t)dxi ∧ dx j + bk(x, t)dt ∧ dxk

Set ψt = ai, j(·, t)dxi ∧ dx j and χt = bk(·, t)dxk for the first part of the proposition.
By definition, the Hodge operator on the product satisfies:

?(dxi ∧ dx j) = dt ∧ dxk and ? (dt ∧ dxk) = dxi ∧ dx j

where j ≡ i+ 1 mod 3 and k ≡ i+ 2 mod 3. For the Hodge operator on N we have
the following identities:

?3(dxi ∧ dx j) = dxk and ?3 dxk = dxi ∧ dx j

In particular this implies that

?(dxi ∧ dx j) = dt ∧?3(dxi ∧ dx j) and ? (dt ∧ dxk) = ?3dxk.

Applied to ϕ this yields:
?ϕ = dt ∧?3ψt + ?3χ. �

Corollary 3.7 The anti-self-dual forms are exactly the forms which are locally in the
shape ψt ∧ dt + ?3ψt.

Proof Locally, an anti-self-dual form is of the form ϕ(x, t) = ψt(x) + dt ∧ χt(x).
And hence by the previous lemma:

ψt(x) + dt ∧ χt(x) = ϕ = −? ϕ = −?3 χt − dt ∧?3ψt

from which follows: ψt = −?3 χt, and so

ϕ(x, t) = ψt + ?3ψt ∧ dt. �

Let us return to the instanton equation on the tube. Let $ ∈ C (P) be a connection
on a four-manifold. Since P is trivial, it admits a global connection potential A ∈
Ω1(M, g) with respect to some trivialisation. Furthermore we can assume that A is
in temporal gauge by proposition 2.11. Via the correspondance 2.10 we get a family
of connection potentials on N, denoted A(t). Since ad P is trivial, F$ corresponds to
a g-valued two-form, which is given by proposition 2.13 as:

FA = dA +
1
2
[A, A].
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3.2. Chern-Simons Theory

Since we assumed $ to be in temporal gauge we have A =
∑3

i=1 Aidxi, and hence:

FA(∂t, ∂xi) =
∂

∂t
Ai

FA(∂xi, ∂x j) =
∂

∂xi A j −
∂

∂x j Ai + [Ai, A j] = FA(t)(∂xi, ∂x j).

Here FA(t) is the curvature of the connection A(t) on the 3-dimensional slice {t} × N.
The instanton condition demands that F$ and hence also FA be of the form ψt ∧ dt +
?3ψt, which considering the above, implies in temporal gauge that:

−?3
∂

∂t
Aidxi = FA(t) ⇔

∂

∂t
A(t) = −?3 FA(t) . (3.3)

So if we choose an appropriate trivialisation of our bundle with respect to which
an instanton $ is in temporal gauge, the instanton equation has the form of a time-
evolution for A(t). What can we say about the instanton equation on the level of the
moduli spaces? What is the correct three-dimensional description of instantons? Fix
a trivialisation of P and let [$] ∈ B∗(P) be an instanton, where $ is in temporal
gauge. We have seen in 2.3.1 that there is a 1-1 correspondence between equiva-
lence classes of horizontal connections on P (meaning ιt(δ$ F$) = 0) and paths in
B(Q). Since instantons are clearly horizontal (as they satisfy the Yang-Mills equa-
tion δ$ F$ = 0), [$] corresponds to a unique path γ ∈ C∞(R, B(Q)), and from
any horizontal lift γhor ∈ C∞(R, C (Q)) of γ the instanton can be reconstructed. By
the above discussion we know that the connection potentials At of γhor(t) satisfy the
evolution equation 3.3 above. Since the assignment ω ↔ A is a linear isomorphism
compatible with the correspondence Fω ↔ FA we obtain the following equation on
the level of connections:

∂

∂t
ω(t) = −?3 Fω(t) .

Finally note that the vector field −?3 Fω on C (Q) is both horizontal (meaning −?3
Fω ∈ ker δω ' T[ω]B

∗(Q)) and compatible with the isomorphism ker δω ' ker δϕ∗ω.
It therefore descends to define a vector field on B∗(Q). We hence have identified the
instantons in the three dimensional picture:

Proposition 3.8 Integral curves on B∗(Q) of the vector field −?3 Fω correspond to
gauge equivalence classes of instantons on R × N with the product metric.

3.2 Chern-Simons Theory

Let N be a compact orientable three-manifold and Q an SU(2)-bundle over N. This
bundle is necessarily trivial for topological reasons (see example B.13). In this sec-
tion we will define a functional whose critical points are the flat connections on Q
and whose negative gradient flow equation is the evolution equation discussed in the
previous section. We give different viewpoints, each highlighting an distinct aspect
of the functional.

29



3. Yang-Mills and Chern-Simons

Since the three-dimensional oriented cobordism ring ΩSO
3 is trivial (cf. section B.3),

N bounds a compact four-manifold M. Moreover, M has a collar diffeomorphic
to N × [0, ε) as the cobordism is smooth. Since Q is trivial, it can be seen as the
pullback via the inclusion ι : N ↪→ M of the trivial bundle P = M × SU(2). We have
the following extension result for connections over Q:

Proposition 3.9 Let ω ∈ C (Q) Then there is a connection $ on P such that ω =
ι∗$, and which is the product connection on a collar of M.

Proof Decompose M = U ∪ V , where U ' N × [0, 1) is a collar and V is an open
set not intersecting the boundary. Define a connection $U on U as the pullback of ω
under the projection map p : U ' N × [0, 1) → N, and choose a connection $V on
V arbitrarily. A standard partition of unity argument allows us to glue both of these
connections together to form $ ∈ C (P) without disturbing the connection $U on
N × [0, 1

2 ). As ι∗p∗ = (p ◦ ι)∗ = id∗ we have ι∗$ = ι∗p∗ω = ω. �

Let π : P → M be an SU(2)-bundle over a compact base manifold (potentially with
boundary), with a connection $ ∈ C (P). Using Chern-Weil theory (see section
B.2.1) one can define the Chern forms ci($) ∈ Ω2i(M), which give insight into the
twistedness of the principal bundle. On four-manifolds the only non-vanishing ones
are c0, c1 and c2. However from their formulae we see that c0 is a fixed constant, and
that for special unitary bundles c1 always vanishes, see example B.16. Hence the
only truly interesting one is:

c2($) =
1

8π2

∫
M

tr(F$ ∧F$).

As it is a top-dimensional form it can be integrated, and for closed M its integral is
in fact equal to the topologically defined second Chern number c2(P) ∈ Z asso-
ciated to the principal bundle, independent of the connection. It turns out that this
topologically defined number is enough to determine the isomorphism type of an
SU(2)-bundle over a four-manifold (see B.13). The natural question to ask is then:
what about manifolds with boundary? If having no boundary implies integrality, what
influence does the boundary have on the possible Chern numbers? It need no longer
be an integer, however there is the following restriction:

Proposition 3.10 Letω ∈ C (Q) be a smooth connection one-form on a three-manifold.
Let $1,$2 be extensions over some (not necessarily diffeomorphic) four-manifolds
M1, M2 as above. Then: ∫

M2

c2($2) −

∫
M1

c2($1) ∈ Z.

Proof As M1, M2 are tubular in neighbourhoods of their common boundary N, the
glued manifold M = M1 ∪N M2 can be given a smooth structure in a canonical
way from the charts on N. The same holds true for the trivial bundles over M1
and M2, which can be fit together to form a (potentially non-trivial) bundle P →
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3.2. Chern-Simons Theory

M. Furthermore, since the connections $1 and $2 are product connections in a
neighborhood of N, they fit smoothly together to yield a connection $ on P. Finally,
as M is closed we arrive at:∫

M2

c2($2) −

∫
M1

c2($1) =

∫
M2

c2($2) +

∫
M1

c2($1)

=

∫
M

c2($) = c2(P) ∈ Z. �

Thus the boundary condition of a fixed connection on ∂M uniquely defines the frac-
tional part of the Chern-Weil integral for c2. Using this insight, we can define the
Chern-Simons functional for connections over three-manifolds.

Definition 3.11 (Chern-Simons Functional) Let ω ∈ C (Q) be a smooth connec-
tion one-form. Let $ be any extension as above. We define:

CS(ω) =
∫

M
c2($) ∈ R/Z

So CS(ω) is the reduction mod 1 of
∫

M c2($). Note that from this definition it is
immediately clear that CS(ϑ) = 0 for any trivial connection ϑ, since we always
can extend Q to a trivial bundle over M in such a way that the extended connection
is trivial as well, and thus has vanishing curvature. Let us now derive a different
formula for CS which allows for easier manipulation. Let for this a trivialisation of
Q be fixed. Hence we can associate to each connection ω ∈ C (Q) a connection
potential A ∈ Ω1(N, su(2)).

Proposition 3.12 (Explicit expression in terms of trivialization) We have forω and
A as above:

CS(ω) =
1

8π2

∫
N

tr(A∧ dA +
2
3

A∧ A∧ A) ∈ R/Z.

This is independent of the trivialization chosen.

Proof Consider the manifold M = [0, 1]×N with boundary ∂M = N × {0} t N̄ × {1},
and trivialise P → M so that over the boundary the trivialisation of P and Q agree.
Define the connection $ = Θ + tA on M (where we consider tA ∈ Ω1

G(P, g), and
Θ is the trivial connection), and note that over the ends it pulls back to the three-
dimensional trivial connection ϑ (for t = 0) and ω (for t = 1) respectively. Hence:

CS(ω) = CS(ω) −CS(ϑ) =
∫

M
c2($).

Recall that FΘ+tA = FΘ +d(tA) + t2A ∧ A = dt ∧ A + tdA + t2A ∧ A. Here d
denotes the exterior derivative on Ω•(M, ad P) ' Ω•(M, g), which is just the usual
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3. Yang-Mills and Chern-Simons

de Rham differential for g-valued forms. Plugging this into the formula for the Chern
form we obtain:

8π2c2($) = tr(FΘ+tA ∧FΘ+tA)

= tr
(
dt ∧ A∧ dt ∧ A + t(dt ∧ A∧ dA + dA∧ dt ∧ A)

+ t2(2dt ∧ A∧ A∧ A + dA∧ dA) + t3(A∧ A∧ dA + dA∧ A∧ A)

+ t4(A∧ A∧ A∧ A)
)

= tr
(
t(dt ∧ A∧ dA + dA∧ dt ∧ A) + t2(2dt ∧ A∧ A∧ A)

)
= 2 tr

(
t(dt ∧ A∧ dA) + t2(dt ∧ A∧ A∧ A)

)
.

The constant term vanishes since dt ∧ dt = 0, and the cubic and quartic terms do
since they are four-forms on a three-dimensional slice {t} × N. The manipulation in
the last line is due to the identity tr(ABC) = tr(BCA). Now, using Fubini we can
integrate the dt-factor:∫

M
c2($) =

1
4π2

∫
N

∫ 1

0
tr

(
t(dt ∧ A∧ dA) + t2(dt ∧ A∧ A∧ A)

)
=

1
4π2

∫
N

tr
(
1
2

A∧ dA +
1
3

A∧ A∧ A
)

=
1

8π2

∫
N

tr
(
A∧ dA +

2
3

A∧ A∧ A
)

. �

We have shown that the real-valued integral 1
8π2

∫
N tr

(
A∧ dA + 2

3 A∧ A∧ A
)

is a lift
of the circle-valued Chern-Simons functional, and from our treatment this lift seems
to depend on the choice of trivialisation. This is in fact the case. We already know that
trivial connections are zeroes of the circle-valued functional and thus the expression
above must be integral whenever A corresponds to a trivial connection. For instance
if A = 0 then the expression is zero. However if this connection (that was induced
from the trivialisation of Q chosen) undergoes a big gauge transformation the value
of the integral does in fact jump by a non-zero integer amount. Consider a gauge
transformation coming from a map g : N → SU(2). Then it transforms as g∗0 =
g0g−1 + g∗(ϕMC) = g∗(ϕMC), and so:∫

N
tr

(
A∧ dA +

2
3

A∧ A∧ A
)
= deg(g)

∫
SU(2)

tr
(
ϕMC ∧ dϕMC +

2
3
ϕMC ∧ ϕMC ∧ ϕMC

)
Now due to the Maurer-Cartan equation dϕMC + ϕMC ∧ ϕMC = 0 (since the Maurer-
Cartan form is a connection form of the principal bundle SU(2) → {∗}), we further
reduce this to:∫

N
tr

(
A∧ dA +

2
3

A∧ A∧ A
)
=
− deg(g)

3

∫
SU(2)

tr (ϕMC ∧ ϕMC ∧ ϕMC)
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3.2. Chern-Simons Theory

An explicit computation using the expression 2.4 leads to the identity:

tr(ϕMC ∧ ϕMC ∧ ϕMC) = 2 tr(σ2
1 + σ2

2 + σ2
3)d volSU(2) = −12d volSU(2) .

Here σi denote the Pauli matrices from 2.5 that span su(2) and d volSU(2) denotes
the volume form induced by the diffeomorphism S 3 → SU(2), meaning in particular
that: ∫

SU(2)
d volSU(2) = vol(S 3) = 2π2.

This gives us the result:

1
8π2

∫
N

tr
(
A∧ dA +

2
3

A∧ A∧ A
)
=
− deg(g)

24π2 (−12)(2π2) = deg(g).

We have thus proved that the lift to R of the Chern-Simons functional makes integral
jumps depending on the degree of the transition map between different trivial connec-
tions. A slight extension of this result can be used to show gauge invariance of the
functional.

Proposition 3.13 (Gauge invariance) Let ω ∈ C (Q) and ϕ ∈ G (Q). Then we have
for any real-valued lift of CS:

CS(ϕ∗ω) −CS(ω) = degϕ.

Proof Consider a tube [0, 1] × N, with a connection ω ∈ C (Q) over the first end
and a connection ϕ∗ω in the same gauge class over the second end, and let $ be an
adapted connection over the tube. Thus CS(ω) − CS(ϕ∗ω) =

∫
[0,1]×N c2($). How-

ever notice that we can form a quotient bundle over S 1 ×N by identifying p ∈ P|{1}×N

with ϕ(p) ∈ P|{0}×N , and that $ descends to a smooth connection on the quotient bun-
dle P. Since the new base space is closed we thus have that

∫
[0,1]×N c2($) = c2(P)

is the second Chern number obtained by gluing a bundle over [0, 1] × N via a glu-
ing map of degree degϕ. However this same Chern number is obtained if we start
with trivial connections over N, for which the explicit computation above shows that
c2(P) = degϕ, which completes the proof. �

As a consequence of this result, for a loop γ : S 1 → B(Q), we have that deg(CS ◦γ) =
degϕ. We can use this to illuminate the topology of B(Q) a bit further. Consider
two loops γ0, γ1 : S 1 → B∗(Q) based at the same class [ω]. We can lift them
to horizontal paths γ̃i : [0, 1] → C (Q) with the same starting point. From this
it is clear that they are homotopic loops iff their end-points are related by a small
gauge transformation. Indeed if they are joined by such a small gauge transforma-
tion then it is easy to join up their ends in C (Q), and a homotopy is readily found.
However if their ends are related by a big gauge transformation, then by the above
deg(CS ◦γ0)− deg(CS ◦γ1) = deg(CS(γ0 ∗ γ

−1
1 )) , 0, so they cannot be homotopic.
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3. Yang-Mills and Chern-Simons

Thus we have shown that π1(B∗(Q)) = Z. One can then use the fact that the sub-
set of reducible connections in B(Q) is of infinite codimension, so that by cellular
approximation π1(B(Q)) = π1(B∗(Q)) = Z.

We now introduce a class of Riemannian manifolds that generalises the Riemannian
tubes we have already considered, and will be central to the study of both instantons
and gradient flow lines of the Chern-Simons functional.

Definition 3.14 (Tubular manifold) A tubular manifold is a Riemannian manifold
(Mn, g), such that there is a compact set K ⊂ M and a finite number of open sets
Ui, i = 1, . . . , k, such that M = K t

⊔n
i=1 Ui and, each Ui is isometric to Ni × (0,∞)

for some Riemannian (n − 1)-manifolds Ni, which do not need to be the same.

Being tubular is a condition on both the smooth topology of a manifold, in that the
finite number of ends need to have a compact cross-section, as well as its Riemannian
structure, since the ends are required to be isometric to tubes. They are a class of
manifolds well suited to study CS.

It is a direct consequence of the definition of CS that it behaves additively under
disjoint union, i.e. : CSN∪N′(ω⊕ω′) = CSN(ω) +CSN′(ω′), from which we imme-
diately obtain:

Corollary 3.15 Let M be a tubular four-manifold with ends Ni, i = 1, . . . , k and
$ ∈ C (P) be connection, which restricts to ωi over Ni. We then have:∫

M
c2($) =

n∑
i=1

CS(ωi) ∈ R/Z.

Now that we have proven a number of algebraic results about CS, let us continue
our investigation by studying its analytic properties as a functional between Sobolev
spaces. For reasons explained in the appendix A, we will work on three-manifolds
with connections of class W1,4, altough there is some flexibility in choosing these
parameters. It is important to note though that elements of C 1,4(Q) are continuous
by the Sobolev embedding theorem.

Proposition 3.16 (Differentiability of CS, 1b) in [7]) The functional CS extends to
a C2-functional:

CS : C 1,4(Q)→ R/Z.

The proof is very similar to the corresponding proof for the Yang-Mills functional.
The local formula from proposition 3.12 is used, and the function spaces are chosen
so that all the algebraic operations form bounded operators.

Proposition 3.17 (Derivative of CS) The derivative of CS is the one-form d CS which
evaluates on a tangent vector v ∈ TωΩ1(C (Q)) ' Ω1(N, ad Q) as:

d CS(ω)[v] =
1

4π2

∫
M

tr(Fω ∧v). (3.4)

34



3.2. Chern-Simons Theory

Proof We compute, where we write v for both the form in Ω1(N, ad Q) and Ω1(N, g):

8π2 ∂

∂t

∣∣∣∣∣∣
t=0

CS(ω+ tv)

=
∂

∂t

∣∣∣∣∣∣
t=0

∫
N

tr
(
(A + tv) ∧ d(A + tv) +

2
3
(A + tv) ∧ (A + tv) ∧ (A + tv)

)
=

∂

∂t

∣∣∣∣∣∣
t=0

(
CS(ω) +

∫
N

t · tr (v∧ dA + A∧ dv) + 2(A∧ A∧ v) + O(t2)

)
=

∫
N

tr (v∧ dA + A∧ dv + 2A∧ A∧ v)

= 2
∫

N
tr ((dA + A∧ A) ∧ v)

= 2
∫

N
tr (FA ∧v) = 2

∫
N

tr (Fω ∧v) .

Here we used that 0 =
∫

N d tr(A ∧ v) =
∫

N tr(dA ∧ v − A ∧ dv), and that tr(ABC) =
tr(BCA). �

Proposition 3.18 (Critical points of CS) A smooth connection ω ∈ C (Q) is a criti-
cal point of CS iff it is flat.

Proof Critical points of CS are connections ω ∈ C (Q) such that d CS(ω) = 0. For
every tangent vector v ∈ Ω1(N, ad Q) we must have:

0 = d CS(ω)[v] =
1

4π2

∫
M

tr(Fω ∧v). (†)

Recall from 2.5 that su(2) is generated by the Pauli matrices σi. For u = aσ1 +
bσ2 + cσ3 we can compute explicitly tr (u · σ1) = −2a and tr (u · σ3) = 2(−c +
bi). So by carefully choosing the test-section v, we can derive from (†) that all the
components of Fω vanish. This then implies that ω is flat. If on the other hand ω is
flat, then Fω = 0 and so it is clearly critical. �

Recall that we denote the subset of flat connections in C (Q) by R(Q), and the its
projection in B(Q) by R(Q). Thus the proposition above states that the set of
critical points of CS on C (Q) is exactly equal to R(Q), and on B∗(Q) it is given by
R∗(Q). In order to differentiate between connections and their gauge equivalence
classes we use these two different notations.

Remark 3.19 Our approach here was to define the Chern-Simons functional and
compute its derivative from that definition. Since we are however mostly interested
in CS for its critical points and its infinitesimal behaviour (like integral curves of its
gradient vector field), we could have started with the differential one-form given by
d CS that we already have discovered in the last section and tried to integrate it.

This is indeed possible, as the space of connections C 1,4(Q) is a Banach space. By
Poincaré’s lemma for open subsets of Banach spaces (V.4.1 in [8]) we can thus find a
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3. Yang-Mills and Chern-Simons

primitive of every closed differential 1-form ρ ∈ Ω1(C 1,4(P)). This holds in particu-
lar for ρ = d CS. For this one needs to show that the form 3.4 is in fact closed (which
we now know because we have obtained it as a differential). This can however be
done explicitly and without appealing to the existence of the CS-functional.

Taking everything together we have proven so far, we can conclude this section by
stating:

Theorem 3.20 The Chern-Simons functional is a C2-functional on B∗(Q), whose
critical set is exactly the set of gauge equivalence classes of flat connections R(Q).

3.3 Local behaviour of the Chern-Simons functional

Gradient of CS

It is not always possible to define a gradient vector field dual to the differential of a
functional on an infinite dimensional manifold. This is due to the lack of compact-
ness of the unit sphere in an infinite dimensional normed space. However for the
Chern-Simons functional we can write down a gradient explicitly using the particu-
lar form of its differential. For ω ∈ C (Q), we will consider the L2-scalar product on
Ω1(N, ad Q) ' TωC (Q). We can thus rewrite the derivative 3.4 of CS as:

d CS(ω)[v] =
∫

N
tr(Fω ∧v) =

∫
N

tr(v∧?3(?3 Fω)) = 〈〈?3 Fω, v〉〉.

It is thus natural to define the L2-gradient vector field of CS to be

grad CS(ω) = ?3 Fω ∈ Ω1(N, ad Q).

Definition 3.21 We say that a smooth family of connections ω(t) ∈ C (Q) is a
gradient-flow line of CS if it satisfies the evolution equation:

∂

∂t
ω(t) = − grad CS(ω(t)). (3.5)

Remark 3.22 The vector field − grad CS does not in fact determine a flow on the
infinite dimensional manifold it is defined on, so gradient flow should be understood
in a formal way.

We have already encountered this vector field in proposition 3.8. Hence we are now
able to describe − ?3 Fω as the negative gradient vector field of the Chern-Simons
functional. By horizontality and gauge-invariance it descends to define a vector field
on the moduli space B∗(Q) and so we can state:

Proposition 3.23 The flow lines of the Chern-Simons functional on the moduli space
B∗(Q) correspond to equivalence classes of Yang-Mills instantons over the tube
R × N.
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3.3. Local behaviour of the Chern-Simons functional

Hessian of CS

Next, we would like to understand the second order behaviour of CS at a critical
point [ω] ∈ R∗(Q). We will for analytical reasons continue to work on the level
of connections C (Q). The corresponding results for the moduli space will then be
obtained by restricting to ker δω ⊂ Ω1(N, ad Q) ' TωC (Q), which is isomorphic
to T[ω]B

∗(Q) via the projection. For the purpose of eventually defining a Morse
homology of CS, we are mostly interested in the positive, negative and null space of
its Hessian at a critical point ω ∈ R(Q):

Hessω(CS) : Ω1(N, ad Q) ×Ω1(N, ad Q)→ R

(v, w) 7→
d
dt

∣∣∣∣∣∣
t=0

(d CS(ω+ tw)[v])

Notice that on the level of connections, we will also work with reducible critical
points, even though the moduli space admits a singularity there. In fact we can define
the Hessian formally for any ω ∈ C (Q). We have the following relation between the
gradient and the Hessian of CS, obtained by a direct computation:

∀u, v ∈ Ω1(N, ad Q) : 〈d grad CS(ω)[v], w〉 = Hessω(CS)[u, v].

In other words, to understand the Hessian as a bilinear form, it is enough to determine
the spectral properties of d grad CS as an operator

Hω = d grad CS : Ω1(N, ad Q)→ Ω1(N, ad Q),

which is given on v ∈ Ω1(N, ad Q) by the expression

Hω(v) =
d
dt

∣∣∣∣∣∣
t=0

?3 FA+tv = ?3dωv.

However Hω is analytically speaking not well behaved, as it is not elliptic (for the
same reason that the usual de Rham differential is not elliptic, namely that v 7→ dx∧ v
is not injective). This is why we usually consider the following operator instead:

Lω : Ω0,1(ad Q)→ Ω0,1(ad Q); Lω( f , v) =
(

0 −δω
−dω ?3dω

) (
f
v

)
Note that up to musical isomorphism ?3dω is a twisted version of the usual curl-
operation on three dimensional manifolds. To be more precise the de Rham complex
and the vector calculus operations interact in the following way:

Ω0(N) Ω1(N) Ω2(N) Ω3(N)

C∞(N) X (N) X (N) C∞(N)

'

d

\

d

\◦?3

d

?3

grad curl div
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3. Yang-Mills and Chern-Simons

Here \ denotes the musical isomorphism \ : Ω1(N) → X (N) induced from the
Riemannian metric. For ω ∈ R(Q) flat we can define the twisted de Rham complex
(cf. A.2) where dω takes the place of the usual de Rham differential d. The other
vector calculus operations thus also get analogues in terms of dω and δω. In this
analogy this new operator is equivalent to:(

0 − div
− grad curl

)
The operator Lω is thus essentially a restricted version of the Dirac operator D =
dω + δω, which is elliptic, motivating the choice. Consider now the Hessian at a
critical point ω ∈ R(Q). Notice that ker Hω = ker dω ⊃ im dω, the latter of which
is complemented (via Hodge theory, cf.A.46) by ker δω. Since we have by flatness
of ω that δω ?3 dω = ?3d2

ω = 0, we can think of Hω as an operator from ker δω to
itself, without loosing any information. This is the Hessian on the moduli space! Let
us decompose Ω0 ⊕Ω1 = Ω0 ⊕ im dω ⊕ ker δω. Written in matrix notation, Lω then
has the form:  0 −δω −δω

−dω ?3dω ?3dω
−dω ?3dω ?3dω

 =
 0 −δω 0
−dω 0 0

0 0 Hω|ker dω

 ,

where most of the entries vanish by flatness. This is due to the both the identities
d2
ω = 0 and δ2

ω = 0 and the decomposition of forms as Ω1 = im dω ⊕ ker δω. If we
define a new operator Sω : Ω0 ⊕ im dω → Ω0 ⊕ im dω as

Sω =

(
0 −δω
−dω 0

)
we then get the decomposition Lω = Sω ⊕ Hω, thus our new operator Lω is an
extension of our original Hessian Hω. It behaves better analytically:

Theorem 3.24 Let ω be a flat connection. The operator Lω is self-adjoint, elliptic
and L2

ω = ∆ω.

Proof First we show that Lω is self-adjoint. Compute for ( f ,α), (g, β) ∈ Ω0 ⊕Ω1:

〈( f ,α), Lω(g, β)〉Ω0⊕Ω1 = 〈( f ,α), (−δωβ,−dωg + ?3dωβ)〉Ω0⊕Ω1

= 〈 f ,−δωβ〉Ω0 + 〈α,−dωg + ?3dωβ〉Ω1

= 〈−dω f , β〉Ω1 + 〈−δωα, g〉Ω0 + 〈?3dωα, β〉Ω1

= 〈Lω( f ,α), (g, β)〉Ω0⊕Ω1 .

Here we used the fact that ?2
3 = 1, so that ?3dω is self-adjoint. Next, we compute:

L2
ω =

(
0 −δω
−dω ?3dω

)2

=

(
δωdω −?3 d2

ω

−?3 d2
ω δωdω + dωδω

)
= ∆ω,

where we need the flatness of ω in the form d2
ω = 0. Finally, the operator is elliptic

because its square L2
ω = ∆ω is (cf. A.45). Indeed and thus σ2

Lω
= σ∆ω

is invertible,
so that σLω is invertible as well. �
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3.3. Local behaviour of the Chern-Simons functional

The operator Lω : W1,2 → L2 on suitable Sobolev spaces is thus a self-adjoint ellip-
tic operator, and as such has real and discrete spectrum σ(Lω) = σ(Hω) ∪ σ(Sω).
Note the unfortunate clash of notation: σP(ξ) denotes the symbol of a partial differ-
ential operator, while σ(P) denotes its spectrum, which are of course quite different
concepts.

We will finish up the discussion of Hess(CS) by giving an interpretation of the ker-
nel of Lω in terms of the twisted cohomology groups H∗(N, dω) of ω . Indeed
this should not be surprising, as we have just shown that Lω squares to the Hodge
Laplacian.

Definition 3.25 Let ω ∈ R(Q) be a flat connection. Then we say that ω is:

• acyclic, if H∗(N, dω) = 0.

• non-degenerate, if H1(N, dω) = H2(N, dω) = 0.

Note that by Poincaré duality for the twisted cohomology groups A.48, acyclicity
is already achieved if H0(N, dω) = H1(N, dω) = 0, and and non-degeneracy if
H1(N, dω) = 0. These cohomology groups have distinct interpretations:

Proposition 3.26 The connection ω ∈ R(Q) has H0(N, dω) = 0 iff it is irreducible.

Proof Recall that the stabilizer of a connection is a Lie-subgroup of SU(2) with
dimension dim ker dω ⊂ Ω0 by 2.19. But ker dω = H0(N, dω), and ω is irreducible
exactly when its stabilizer group is discrete, hence 0-dimensional. �

Proposition 3.27 The connection ω ∈ R(Q) has H1(N, dω) = 0 iff it is is a non-
degenerate critical point of CS, meaning that the Hessian on the moduli-space is
non-degenerate.

Proof The Hessian at a critical point ω ∈ R(Q) is non-degenerate exactly when
ker Hω|ker δω = ker?3dω ⊂ ker δω ⊂ Ω1 is trivial. Even more, the tangent space to
the set of flat connections in B(Q) at ω is exactly given by ker Hω. This can for
instance be seen by deriving d CS of a smooth curve of flat connection, for which the
curvature will be constantly zero. Since ?3 : Ω2 → Ω1 is isomorphism, this kernel
is given by

ker Hω = ker δω ∩ ker dω = (im dω)
⊥
∩ dω ' H1(N, dω). �

Thus we have recovered different geometric properties of the connection [ω] through
the twisted cohomology groups H0(N,ω) and H1(N,ω). Notice that Sω is defined
on Ω0 ⊕ im dω, thus any element ( f ,α) ∈ ker Sω must have α = 0, since α ∈

ker δω ∩ im dω = ker δω ∩ (ker δω)⊥ = {0}, by the Hodge theorem. From this it is
clear that ker Sω ' ker dω ' H0(N,ω). We hence have:

ker Lω = ker Sω ⊕ ker Hω|ker δω ' H0(N,ω) ⊕H1(N,ω)

Thus for an irreducible flat connections ω, the kernel of Lω describes exactly the
degree of degeneracy of the Hessian on the level of gauge equivalence classes.
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3. Yang-Mills and Chern-Simons

Example 3.28 Consider a trivial connection ϑ ∈ C (Q). In this case the twisted de
Rham complex reduces to the regular de Rham complex tensored with the Lie algebra
su(2) of SU(2). So we have:

Hk(N, dϑ) ' Hk(N) ⊗ su(2).

In particular if N is connected, any trivial connection is reducible, with a 3-dimensional
stabilizer, since dim(Hk(N)⊗ su(2)) = 3. If N is a homology sphere, i.e. a manifold
which has the same homology groups as S 3, then it is furthermore non-degenerate.
If the manifold is not a homology sphere however, then the trivial connection cannot
be non-degenerate for CS.

The three-dimensional interpretation of D$

We have seen that the instanton equation on a tube can be recast as the negative gradi-
ent flow equation of the Chern-Simons functional on the cross-section. In this context
we were able to translate back and forth between four-dimensional concepts, such as
the second Chern number of the four-dimensional bundle c2(P) and the degree of a
loop in B(Q). There should also be an relation between the deformation operator
D$, which describes the infinitesimal behaviour of instantons, and some other oper-
ator, describing the infinitesimal behaviour of CS-flow-lines. In fact there is exactly
such an expression in terms of the family Lω(t). But in order to answer this question,
we first need to be able to move from forms on M = R × N to curves of forms on N.
More precisely we have the following, where work with fixed trivialisations of P and
Q:

Proposition 3.29

Ω0(M, ad P) ' C∞(R, Ω0(N, ad Q))

Ω1(M, ad P) ' C∞(R, Ω0(N, ad Q) ⊕Ω1(N, ad Q))

Ω2
+(M, ad P) ' C∞(R, Ω1(N, ad Q))

Proof The first isomorphism reduces to the statement that C∞(R×N) ' C∞(R, C∞(N)),
which we address in A.3. Let σ ∈ Ω1(M, ad P) be given. In local coordinates
(t, x1, x2, x3) it can we written as σ(t, x) = σ0(t, x)dt +

∑3
i=1 σ

i(t, x)dxi. By as-
sumption, the assignments t 7→ σk(t, ·) are smooth, and thus the path of differen-
tial forms t 7→ (σ(t, ·),

∑3
i=1 σ

i(t, ·)dxi) is smooth. In the reverse direction, take
( ft,

∑3
i=1 atdxi) and fit them together as ftdt +

∑3
i=1 atdxi to see bijectivity. Simi-

larly, a path αt ∈ Ω1(N, ad Q) gives rise to a form αt ∧ dt + ?3αt on the tube which
by 3.7 is anti-self-dual. It is clear that all ASD forms can be obtained this way by the
same lemma. �

We are now in a position to recover D$ from the local behaviour of Lω(t) along a
path in C (Q).
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3.3. Local behaviour of the Chern-Simons functional

Proposition 3.30 (D$ on a tube) Let ωt ∈ C (Q) be a smooth path of connections
on a three-manifold N. Let $ be the corresponding connection on the tube. By the
previous proposition D$ is an operator:

D$ : C∞(R, Ω0,1(N, ad Q))→ C∞(R, Ω0,1(N, ad Q)) (3.6)

It is given by (D$ξ)(t) = ξ̇(t) + Lω(t)ξ(t).

Proof We have the following situation:

C∞(R, Ω0,1(N, ad Q)) C∞(R, Ω0,1(N, ad Q))

Ω1(R × N, ad P)) Ω0,2+(R × N, ad P))

D$

'

Dold
$

'

Let ft ∈ Ω0(N, ad Q),αt ∈ Ω1(N, ad Q) with corresponding f dt + α = f dt +
αidxi ∈ Ω1(M, ad P). Then we compute the action of D$ = (−δ$) ⊕ d+$. Here
the indices i, j, k are always chosen so that (dxi, dx j, dxk) is a positive basis and
π+ : Ω2 → Ω2

+ is given by π+(σ) = σ+ ?σ.

−δ$( f dt + αidxi) = ?dω ? ( f dt + αidxi)

= ?dω( f dx1 ∧ dx2 ∧ dx3 + αidt ∧ dx j ∧ dxk(−1)i)

= ?(∇t f + ∇iα
i)dt ∧ dx1 ∧ dx2 ∧ dx3

= ∇t f + ∇iα
i =

d
dt

f − δω(t)αt

d+$( f dt) = π+(∇i f dxi ∧ dt)

= (−∇i f )π+(dt ∧ dxi)

d+$(α
idxi) = π+(∇tα

idt ∧ dxi + ∇ jα
idx j ∧ dxi + ∇kα

idxk ∧ dxi)

= ∇tα
iπ+(dt ∧ dxi) −∇ jα

iπ+(dt ∧ dxk) + ∇kα
iπ+(dt ∧ dx j)

= (∇tα
i −∇kα

j + ∇ jα
k)π+(dt ∧ dxi)

Since the last arrow sends π+(dt ∧ dxi) 7→ dxi we obtain:

d+$( f dt) = (−∇i f )π+(dt ∧ dxi)

7→ −∇i f dxi = −dω(t) ft

d+$(α
idxi) = (∇tα

i −∇kα
j + ∇ jα

k)π+(dt ∧ dxi)

7→
d
dt
αt + (∇ jα

k −∇kα
j)dxi =

d
dt
αt + ?3dω(t)α(t)

Hence we have arrived at the following formula for ξ(t) = ( ft,αt) ∈ C∞(R, Ω0,1(N, ad Q)):

(D$ξ)(t) =
d
dt
ξ(t) +

(
0 −δω(t)

−dω(t) ?3dω(t)

) (
ft
αt

)
=

d
dt
ξ(t) + Lω(t)ξ(t)

�
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3. Yang-Mills and Chern-Simons

With this identification, we are able to fit the deformation operator D$ into the more
general framework of the spectral flow of a family of self-adjoint operators, such as
the family t 7→ Lω(t). We give an introduction to the spectral flow in the appendix
(see A.6). In order to apply the theory, we need to consider operators on suitable
Banach manifolds, and not simply on the Fréchet spaces of smooth curves. We have
already seen that D$ : W3,2 → W2,2 is a smooth map in the compact setting, which
motivates us to define the new deformation operator as follows:

D$ : W1,2(R, W)→ L2(R, H)

where W = W3,2(Ω0,1(N, ad Q)) and H = W2,2(Ω0,1(N, ad Q)). We however need
the additional assumption that ω(t) converges to fixed limits ω± as t → ±∞. To see
that this is then indeed a well-defined operator, first note that W ↪→ H is a inclusion
(which is furthermore compact), and thus d

dt is well-defined already. Next, we need
so show that for a smooth path ω(t) ∈ C (Q) the assignment:

Lω(·) : R→ L (W, H)

t 7→ Lω(t)

is a continuous curve in the Banach space L (W, H). If it is, then convergence to lim-
its of ω(t) assures that the curves will have uniform bound on its operator norm, thus
making the map W1,2 → L2 bounded. Now why is the curve t 7→ Lω(t) continuous?
Indeed, every Lω(t) separately is a bounded linear operator W → H by proposition
A.8, which makes the map well-defined. Now consider for a moment ω(0) as a refer-
ence connection, so that ω(t) = ω(0) + A(t), where A(t) ∈ Ω1(N, ad Q) is smooth
by assumption. Then their corresponding covariant derivatives on ad Q are related by
∇ω(t) −∇ω(0) = A(t). From the graded Leibniz rule, it can be checked that in general
degree:

(dω(t) − dω(0))(s ⊗σ) = A(t)s∧σ ∈ Γ(Hom(Λ• ⊗ ad Q, Λ•+1 ⊗ ad Q)).

This assignment is still smooth. From there we see that the curve Lω(·) is a smooth
curve in Γ(Hom(Λ0,1 ⊗ ad Q, Λ0,1 ⊗ ad Q)), and that the operator norm of Lω(t) −
Lω(0) is up to a constant bounded by the operator norm of wedging with A(t), which
is again bounded by a suitable Sobolev norm. Now since there is a continuous inclu-
sion of Fréchet spaces Ω1(N, ad Q) ↪→ Wk,p(Ω1(N, ad Q)) by A.11, we have:

lim
t→0
‖Lω(t) − Lω(0)‖ ≤ C lim

t→0
‖A(t) ∧ ·‖ ≤ C lim

t→0
‖A(t)‖Wk,p ≤ C lim

t→0
‖A(t)‖Ck → 0.
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Chapter 4

Floer Homology

We will now introduce the Floer homology groups of a homology three-sphere using
the analytical and geometric foundations from the previous chapters. We emphasise
the analysis of Fredholm operators over tubular manifolds, and how it gives rise to
the trajectory spaces and gluing results necessary to carry out the Morse homology of
the Chern-Simons functional. Furthermore we will put effort into explaining why it
is important to focus on homology three-spheres rather than more general manifolds.
This is mostly because of the presence of reducible connections and the way we
perturb in a degenerate situation. We conclude with the discussion of the extension
of the Floer homology groups to a (3 + 1) topological quantum field theory.

4.1 Motivation

Instanton Floer homology, i.e. the Morse homology of the Chern-Simons functional,
is an interesting invariant of three-manifolds for a number of reasons. We will here
consider two motivations, coming from mathematical gauge theory and classical
Morse homology respectively.

4.1.1 Invariants in Gauge theory

The general procedure to define invariants of smooth manifolds through gauge theory
has the following schematics. Consider a principal bundle P → M over a compact
manifold with structure group G, and the space of gauge equivalence classes B(P),
which is an infinite dimensional manifold away from irreducibles. Consider then a
(generally non-linear) elliptic PDE on B(P), potentially defined using some auxil-
iary data. More precisely we are interested in its solution set. Generically this will
be a finite dimensional (by ellipticity) submanifold of the moduli space. From here
the strategies diverge, but the main idea is to use this new manifold to define novel
smooth invariants of the base space. We give a few examples:
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4. Floer Homology

1. Electromagnetism. In this case the equations were in fact linear (since the
non-linear commutator term in Fω vanishes for G = U(1)), and the solution
space was an affine space of a certain dimension. In this example we only
recovered the second Betti number, so no new invariant.

2. Classical Donaldson theory. Here we consider the instanton equation on an
SU(2)-bundle P → M over a smooth, simply connected four-manifold with
negative definite intersection form, such that c2(P) = 1. We will see later
that index theory predicts the dimension of the moduli space W to be 5. This
moduli space can then be shown to be (after suitably compactifying) a smooth
cobordism between M, which appears as one boundary component of W, and
some disjoint copies of CP2. This cobordism then greatly restricts the possible
intersection forms; in fact it can be shown that only the standard form n[−1]
can appear for smooth manifolds. A proof of this result can be found in chapter
8 of the book by Donaldson and Kronheimer [9].

3. Seiberg-Witten theory. In this case a different set of equations (the Seiberg-
Witten equations) is considered on U(1)-bundles over a four-manifold. The
moduli space of solutions (the monopoles) is already compact, and if the set
of reducible monopoles is of sufficiently high codimension, perturbing the aux-
iliary data used to write down the equations will avoid reducibles and in fact
describe a cobordism between the solution set for any two auxiliary data sets
along the pertubation. From this we see that the set of monopoles defines a
homology class of the parameter space which is independent of the auxiliary
data. The paramenter space is homotopy equivalent to CP∞, so evaluation on
the corresponding cohomology class in H∗(CP∞) ' Z[x2] will lead to numer-
ical data, the Seiberg-Witten invariants. Note that this approach is somewhat
similar to the finite dimensional theory of degree of a map, where for a smooth
map f : X → Y , the degree is computed in terms of the solution set of the
equation f (x) = y with y a regular value of f , and a perturbation y′ of y gives
rise to an oriented cobordism between f −1(y) and f −1(y′) (see chapter 5 of
[6]). For an exposition of the Seiberg-Witten equations on four-manifolds, see
[10].

Instanton Floer homology fits into this picture with some alterations. Here we con-
sider the space of instantons over non-compact tubes, which requires some additional
assumptions in the form of boundary data, and considering the homology class of the
set of solutions will reduce to counting points in B(P). There is hope to expect that
the Morse homology of the Chern-Simons functional in particular is well-defined,
since we have shown the equivalence between flow lines of CS and instantons. This
allows to apply a result of Uhlenbeck (see 4.15) to show the crucial compactness up
to broken trajectories that is necessary for Morse homology.
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4.2. Homology three-spheres

4.1.2 Morse Homology

We have seen that by considering the instanton equation over a tube, one is naturally
inclined to consider the Morse homology of the Chern-Simons functional. But there
is also reason to construct a Morse homology of CS coming from three-manifold
topology. There is an invariant of compact three-manifolds called the Casson invari-
ant λ(N), and it is computed by algebraically counting the irreducible representa-
tions of π1(N) into SU(2) up to conjugacy. The signs are determined by considering
them as intersections of oriented spaces (see p.54 in [11]). By 2.22 this is the same
as counting the irreducible flat connections on a trivial SU(2)-bundle over N. Thus
the Casson invariant is an algebraic count of the critical points of CS. More precisely
there is a function µCS : Crit(CS)→ Z2 such that:

λ(N) =
1
2

∑
[ω]∈Crit(CS)

(−1)µCS([ω]).

Given a Morse function f : M → R, where M is compact, there is a similar formula,
where now µ : Crit( f ) → N is the Morse index. Namely we can compute the Euler
characteristic of M as follows:

χ(M) =
∑

p∈Crit( f )

(−1)µ( f ).

This identity can be explained through the existence of the Morse complex, which is
generated by the critical points of f , and computes the homology of M. One is thus
lead to conjecture that there should be a corresponding chain complex generated by
the flat irreducible connections to explain the formula for the Casson invariant! In fact
this is exactly the Floer chain complex we will see in this chapter, and in the same
way that Morse homology is a more refined invariant than the Euler characteristic,
Floer homology will be a more refined version of the Casson invariant.

4.2 Homology three-spheres

We will only define the instanton Floer homology groups for integral homology
three-spheres, i.e. three-manifolds which have the same integral homology groups
as the three-sphere. This is due to the fact that they only admit a single reducible
flat connection, the trivial connection, and that this connection is non-degenerate for
the Chern-Simons functional. Furthermore we will see that the set of irreducible flat
connections of a homology sphere is finite under suitable conditions.

First, some general remarks. For N an oriented, connected three-manifold, being a
homology three-sphere is equivalent to having H1(N) = 0 by Poincaré duality. Now
by the Hurewicz theorem this is the case exactly when the abelianisation of the fun-
damental group πab

1 (N) := π1(N)/[π1(N), π1(N)] is trivial. Here [π1(N), π1(N)] is
the commutator subgrop, which is generated by all elements of the form aba−1b−1
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4. Floer Homology

for a, b ∈ π1(N). Next, recall that on any manifold M, the moduli space of flat con-
nections is homeomorphic to the space of space of representations modulo conjugacy
of π(M) by 2.22, so we can equally well analyse the space of representations to de-
termine the properties of R(P) for some SU(2)-bundle P over M. If M is compact,
then it has a finitely presentable fundamental group, say:

π1(M) = 〈a1, . . . , ak | R1, . . . , Rl〉,

where ai are the generators and Ri are the relations that must hold. A representa-
tion into SU(2) is the same as a choice of k elements ρ(ai) ∈ SU(2) such that
R j(ρ(a1), . . . , ρ(ak)) = 1. We can thus embed:

Hom(π1(M), SU(2)) '{(g1, . . . , gk) ∈ (SU(2))k : R j(ρ(a1), . . . , ρ(ak)) = 1}

⊂ (SU(2))k

as a (real) algebraic subset of the compact variety (SU(2))k. In particular the space
Hom(π1(M), SU(2)) with the induced topology is always compact if the structure
group is and π1(M) is finitely presentable. Next, as the quotient of a compact space
by a compact group action, the space Hom(π1(M), SU(2))/ SU(2) must also be
compact, but can of course contain singularities if group action is not free. Let us now
specialise to three dimensions. An orientable three-manifold N can be decomposed
into two simpler pieces, so called handle-bodies Mi, which are glued along their
common boundary, a Riemann surface Σ, to produce the three-manifold. This is
a result very specific to dimension three. If Σ has genus g, the handle-bodies will
have a free fundamental group on g generators, and thus R(Mi) = SUg(2), making
R∗(Mi) a (3g − 3)-dimensional open manifold. It can furthermore be shown that
dim R∗(Σ) = 6g − 6. This is useful, because it allows to think of R∗(N) as an
intersection:

R∗(N) = R∗(M1) ∩R∗(M2) ⊂ R∗(Σ).

For dimensional reasons this intersection will generically be an open manifold of di-
mension 0, however this is not necessarily the case, as non-transverse intersections
can occur, consider the handlebodies themselves for instance. However, after suit-
able perturbation, the intersection set will be a 0-manifold. The space R(N) of all
representations is compact as we have already seen, but in general we cannot say any-
thing about the compactness properties of R∗(N). If we restrict to homology spheres
however, we can say much more, as the following proposition shows:

Proposition 4.1 Let N be a homology 3-sphere. Then the only reducible flat connec-
tion is the trivial connection.

Proof Suppose that ω ∈ R(N) is reducible, i.e. by 2.19 the stabiliser of ω in G (N) is
bigger than {±1}. The centraliser of any element a ∈ SU(2) that is not ±1 can be seen
in SO(3) as the set of all rotations which have the same axis. The lift of this set of
rotations is diffeomorphic to S 1 in SU(2). Thus the centraliser of holω must either be
contained in some circle subgroup of SU(2), if holω contains elements besides ±1, or

46



4.3. Index Theory

be equal to all of SU(2). Suppose that it is contained in a non-trivial circle subgroup
(which is strictly bigger than {±1} by reducibility). Note then that the holonomy is
contained in the centraliser of this circle group. But by what we have said so far, the
holonomy itself must be contained in a circle subgroup then. From there is is clear
that Z(holω) ' S 1. In any case, we see that the holonomy of a reducible connection
has image in some abelian subgroup of SU(2). Now since N is a homology-sphere,
we have

π1(N) = [π1(N), π1(N)].

Thus in particular every element c ∈ π1(N) is of the form aba−1b−1 for some a, b ∈
π1(N). For the holonomy representation ρ = ρω ∈ Hom(π1(N), SU(2)) of ω this
implies that:

ρ(c) = ρ(aba−1b−1) = ρ(a)ρ(b)ρ(a−1)ρ(b−1) = 1,

since the image of ρ is abelian. Thus any reducible flat connection is in fact trivial,
because its holonomy is trivial. �

Using this one can show (see e.g. lemma 3.6 in [11]) that for homology three-spheres
the space R∗(N) is itself compact. Indeed compactness can only be lost if a subse-
quence of irreducible connections were to converge to the trivial connection. How-
ever H1(N) ' 0 will imply that the intersection at the trivial connection ϑ will be
transverse, so that ϑ is an isolated point in R(N). The upshot of this is that if we are
in a situation where all the flat connections are non-degenerate (and thus isolated by
the Morse lemma), we see that the intersection describing R∗(N) is transverse and
thus that it is a 0-manifold. Hence under this non-degeneracy condition we have:

|R∗(N)| < ∞ and R(N) = R∗(N) ∪ {ϑ}.

From this point onward we will therefore work exclusively with homology spheres.

4.3 Index Theory

4.3.1 Adapted bundles

In order to generalise Morse homology to the case of the Chern-Simons functional,
we need a good notion of trajectory space of flow lines between critical points. In the
usual Morse homology of closed manifolds, every flow line starts and ends at critical
points, and the dimension of the moduli space is the difference of the Morse indices
of these two points. In particular the moduli space of curves joining two given critical
points is generically a smooth manifold with the same dimension for each connected
component. However this does not work in our setting, since there are CS-flow lines
between the same gauge equivalence classes of flat connections, but around which
the moduli spaces have different dimensions. The source of this discrepancy is that
there are homotopically non-trivial loops that can arise as instantons. So in addition
to keeping track of the end-points, a suitable parameter space to index the trajectory
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4. Floer Homology

spaces must keep track of the homotopy class of the instantons. The correct notion
to use, which also extends to the general case of tubular manifolds is the adapted
bundle, which is defined in the following way:

Definition 4.2 Let M be a tubular manifold. An adapted bundle over M is a prin-
cipal SU(2)-bundle with the additional data of a fixed flat product connection over
each end.

We say that two adapted bundles are equivalent, if there is a bundle morphism which
fixes the flat structure over the ends. Note that here it is important that the flat con-
nection is fixed, not only its gauge equivalence class. Consider the example of the
tubular manifold W with one end obtained by puncturing S 4, and stretching out a
neighbourhood D4 \ {∗} of the puncture to a semi-infinite tube. Let ϑ be a trivial
connection over the cross-section S 3. It induces a trivialisation of P|{t}×S 3 for a three-
dimensional slice. We can then extend P via a clutching construction (see [12]) to a
unique bundle P̂ over the compactification Ŵ ' S 4, where the trivialisation tells us
how to match up W with a trivial bundle over D4. Which bundle will we obtain over
S 4? To determine this note that by 3.9 we can find a connection $ ∈ C (P) which
agrees with the trivial connection over the tube. In fact it is possible to find such an
adapted connection which agrees with the flat ends for every adapted bundle. And
note that $ extends to a unique connection $̂ ∈ C (P̂) which does not introduce
additional curvature, meaning that:

c2(P̂) =
∫

M
c2($) � CS(ϑ) ∈ R/Z.

Note that c2(P̂) thus provides an R-valued lift of CS(ϑ), so that if we gauge trans-
form ϑ by a big gauge transformation, we change the second Chern number of the
bundle P̂, and thus its isomorphism type. In fact we can achieve any desired isomor-
phism type in this manner. This argument can be generalised by fixing for each gauge
equivalence class of a flat connection [ω] ∈ R(Ni) over an end a manifold K[ω] by
which to cap off M, and an adapted connection on K[ω] with the given flat structure
ω.

Let us explain this on the example of a tube M = R × N. Fix an adapted connection
$ ∈ C (P) compatible with the flat ends ω± ∈ R(N) of M. Let K± be compact
manifolds such that ∂K± = N, and let R± be some fixed trivial bundle over K with
an adapted connection $±K that agrees with the flat connection over, say, the positive
end of the tube. Gluing K± onto M on both ends (with the orientation reversed) leads
to a smooth connection $̃ over M̃ = K− tM t K+ with:∫

M̃
c2($̃) =

∫
M

c2($) +

∫
K+

c2($
−
K) +

∫
K+

c2($
+
K ).

Thus by the previous paragraph, if we change the flat structure on either end of M by
a big gauge transformation, then the integral over M will change by one, thus altering
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the isomorphism type of P̃. Since we have already seen that:∫
M

c2($) = deg CS ◦ωt,

the isomorphism type of P̃ does in fact encode the homotopy class of the loop ωt.
Now since the data of an adapted bundle suffices to construct P̃ uniquely, they too
encode the homotopy class in addition to the start and end connection.

Example 4.3 Consider the sphere S 4, which (if we remove the north pole) is confor-
mally equivalent to R4. There is a five-parameter family of instantons on the SU(2)
bundle over S 4 with c2(P) = 1. On R4 they all arise from a single basic instan-
ton $0 ∈ C (P) after translations and scaling. This instanton has curvature density
|F$0 | =

1
(1+r2)2 , where r is the radial component on R4. We can further consider

R4 \ {0} as conformally equivalent to the tube R × S 3 via the transformation

T : R × S 3 → R4, (t,σ) 7→ (etσ),

so that the basic instanton corresponds to a CS gradient flow line in B∗(S 3). Since
the only flat connection on S 3 is the trivial one ϑ, it must join ϑ to itself. This
instanton has curvature density:

F$0(t,σ) = |dT |2 F$0(e
tσ) = e2t 1

(1 + e2t)2 =
1

(et + e−t)2 =
4

cosh2(t)
.

Since in this case we can cap of both ends of the tube with trivial bundles that do not
introduce further curvature, we must have:

deg CS ◦ωt =

∫
R×S 3

c2($0) = c2(P) = 1.

Thus this instanton is an example of a generator of the fundamental group of B(Q).
Through the five-parameter family of instantons on R4 we see that the local structure
of the trajectory space at this instanton is that of a manifold of dimension 5. This
is different from the local structure around the constant instanton, which is zero-
dimensional. Thus the homotopy class really does impact the shape of the moduli
space!

4.3.2 Fredholm theory

We have seen that the right way to describe the trajectory spaces of the Chern-Simons
functional is through adapted bundles, and we explicitly gave the example of an
instanton where the dimension of the moduli space was easily guessed. However
to proceed in more generality, we need to develop the Fredholm properties of the
operator D$. To this end, we first recall the situation for compact manifolds, before
moving on to the case of tubes. There is a general theory for tubular manifolds for
which all the same results hold.
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We have already seen that in the compact case, the ellipticity of the operator D$

implies that it is Fredholm. Its index can be computed in terms of its symbol and
topological invariants of the underlying manifold (by the Atiyah-Singer Index theo-
rem A.24). Explicitly we have the following result (see [1], p.10):

ind D$ = 8c2(P) − 3(b0 − b1 + b+2 ). (4.1)

Here bi denote the Betti numbers of M, and b+2 is the dimension of a maximal positive
definite subspace of H2(M) of the intersection form.

Example 4.4 Consider the instanton from example 4.3 on the SU(2)-bundle over S 4

with c2(P) = 1. From the index formula 4.1 we get:

ind D$ = 8 · 1 − 3(1 − 0 + 0) = 5,

which corresponds to the 4 possible infinitesimal translations on R4, as well as the
generator for the central scaling.

Now in order to adapt the theory to tubular manifolds, we need to prove the Fredholm
property for tubes. However by looking at the example of Dλ =

d
dt − λ : W1,2(R)→

L2(R) for λ ∈ R, we see that this cannot be done in a straightforward manner for all
operators over the tube. The operator is Fredholm with index zero except when λ = 0,
in which case it is not Fredholm. The problem is that in L2, one can approximate
arbitrarily well functions with non-zero integral by functions which do have zero
integral. See also the remark after proposition A.22. In the case of D$ = d

dt − Lω(t)
this failure to be Fredholm manifests as the limiting elliptic operators Lω(±∞) having
a kernel, and must be treated carefully. Let us thus first consider the case where
Lω(±∞) does not have a kernel, i.e. where the limiting connections are acyclic.

The acyclic case

Let P be an adapted bundle with acyclic ends over a tubular manifold M, and let
$ ∈ C (P) be a connection that over every end converges smoothly to the chosen flat
connection. An example would be an adapted connection, which is equal to the flat
structure on every slice, or, as we will later see, an instanton.

Theorem 4.5 (D$ is Fredholm) Suppose that all the flat connections at the ends of
P are non-degenerate. Then the operator D$ : W1,2 → L2 is a Fredholm operator.

We explain the additional requirement of acyclicity over the ends needed for the
passage from compact manifolds to tubular manifolds with the example of a tube
M = R × N. We have seen that the deformation operator then has the special form
D$ = d

dt − Lω(t), with Lω(t) a continuous family of self-adjoint operators. Via this
relation we can fit it into the general framework of the spectral flow, as derived in A.6,
and the statement above is a consequence of proposition A.31, whose proof crucially
relies on the fact that the family Lω(t) converges to invertible operators at ±∞. For
more details see the note after proposition A.31.
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Given that the operator D$ over an adapted bundle is Fredholm, it admits a well-
defined index. In fact, this index is independent of the choice of metric or compatible
connection, which allows us to define the index of an adapted bundle ind P =
ind D$ using any auxiliary connection $ on P. In order to see this, we must distin-
guish between two different types of perturbations. First, compactly supported pertur-
bations vary the deformation operator continuously through Fredholm operators, thus
leaving the index invariant. This follows from the compact theory. Second, perturba-
tions over the tube can be handled by the theory of spectral flow, which gives that as
long as the boundary operators do not acquire a kernel during the homotopy of D$,
the index will be constant (see A.28). Since ker Lω = H0(N, dω) ⊕H1(N, dω) = 0
is only dependent on the choice of flat limit, which is fixed by the choice of adapted
bundle, we see that Lω(±∞) does indeed not become singular during a perturbation.

Let us now introduce a construction extending the connected sum of two manifolds.
Suppose M0, M1 are two tubular manifolds, such that M0 has an end N ×R+ and M1
has an end N̄ ×R+, which is oriented diffeomorphic to N ×R−. We can then glue
the two manifolds along this common end given a gluing parameter T > 0. First,
remove the closed sets N × [T ,+∞) and N × (−∞, T ] respectively from M0 and M1,
and then identify the remaining finite length tubes via the diffeomorphism

(x, t) ∈ N × (0, T ) 7→ (x,−t) ∈ N × (−T , 0).

We obtain a manifold which has two fewer ends than the disjoint union of Mi, and
a neck of length T . Call this manifold MT

]
= M0]N M1. If we have two adapted

bundles Pi over Mi, such that the flat structures of the glued ends agree, we can glue
them together as well to obtain a family of bundles PT

]
. Note that all the manifolds

MT
]

and bundles PT
]

are diffeomorphic and only differ by their Riemannian structure
through the size of their neck. Therefore, sometimes the superscript T might be
dropped if is not essential. If the initial bundles have adapted connections, they agree
over the glued ends, so they give rise to an adapted connection over the glued bundle
P]. Denote the respective deformation operators by D0, D1 and D]. We have the
following result relating their indices:

Theorem 4.6 (Infinitesimal gluing) Let P0, P1 be adapted bundles (with only acyclic
ends) over tubular manifolds M0, M1, which have an end in common. Then:

ind D] = ind D0 + ind D1.

Proof The general case can be proven by first treating the case where the operators
D0 and D1 do not admit a cokernel. Then it can be shown that D] does not admit
a cokernel either, and an explicit isomorphism ker D] ' ker D0 ⊕ ker D1 is obtained
through a gluing argument. From there the argument can be adapted to the case
where the Di do have a cokernel by adding operators Ki : RN → L2 such that Di ⊕Ki

is onto and applying the previous argument to them.

We will prove this a bit differently in the case of tubes. In this case, M0 = M1 =
R × N, and the gluing conditions translates into gluing the positive end of M0 with
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the negative end of M1. We can then compute the indices of Di as the spectral flow
of the families Lωi(t). More precisely we have by proposition A.32:

ind Di = − sf(Lωi(t)).

However the fact that ωi are adapted over the ends means that the families (Lωi(t))
are constant away from a compact interval. Homotope the families ωi so that Lω0(t)
is constant for t ≥ −1 and Lω1(t) is constant for t ≤ 1. We see that by lengthening the
neck, the family Lω] is homotopic to the concatenation:

Lω0(t)|R− ] Lω1(t)|R+ .

Thus in particular we have by the axioms of the spectral flow:

ind D] = − sf(Lω]) = − sf(Lω0(t)|R− ] Lω1(t)|R+)

= − sf(Lω0(t)|R−) − sf(Lω1(t)|R+)

= − sf(Lω0(t)) − sf(Lω1(t))

= ind D0 + ind D1. �

The result above can be extended to the case where the glued two ends are part of
the same connected component, and the additivity then still holds. We can apply this
for instance to the case of a tube M = R × N. Let [ρ] ∈ R(N) be a flat acyclic
connection, and let P be an adapted bundle where the flat structure on both ends
of P is given by some lift of [ρ]. Glue the two ends together to obtain a bundle
over S 1 × N. By the Künneth formula, and since N is a homology sphere, we have
H0(S 1 × N) ' H1(S 1 × N) ' Z and H2(S 1 × N) ' 0. Thus using the formula 4.1
and the gluing relation we obtain for the index:

ind D = ind D] = 8c2(P]) − 3(1 − 1 + 0) = 8c2(P]).

Using this we see that there are restrictions on the indices of more general adapted
bundles. If [ρ], [η] ∈ R(N) are two flat connections, and P, P′ two adapted bundles
having limit [ρ] at −∞ and [η] at +∞, we can glue the positive end of P with the
orientation reversed positive end of P′ to obtain an adapted bundle with flat ends [ρ]
on either side. Thus, since reversing the orientation affects the index by negating it,
we see:

ind D − ind D̄′ = ind D] ∈ 8Z, (r)

by the previous result. Thus it makes sense to define the relative index:

δ ([η], [ρ]) = ind D ∈ Z8,

where D is the deformation operator associated to any adapted bundle having limits
as above. Note that minus the spectral flow between two operators Lη and Lρ is well-
defined in Z and is a lift of this relative index we have just defined. The problem that
arises on the level of gauge equivalence classes is that there are non-trivial loops in
B∗(N), which can change the index by an arbitrary multiple of 8. On the other hand,
given two gauge equivalence classes of connections such that δ([η], [ρ]) = k, we can
construct an adapted bundle of index 8l + k for each l ∈ Z.
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The non-acyclic case

We would now like to imitate the finite-dimensional Morse theory, where the relative
index δ([η], [ρ]) can be refined to the difference of absolute indices µ([η]) − µ([ρ])
of the two critical points. For this we can take a certain flat connection [ρ] ∈ R(N)
and normalize the index to be zero at it. The indices of other connections then must
be given by:

µ([η]) = δ ([η], [ρ]) .

This is then well-defined by additivity of the index. But at which connection should
we normalise? A natural choice which is distinguished on all homology three-spheres
is the trivial connection [ϑ], which is the unique reducible connection. However so far
our definition of δ, or the Fredholm theory in general, does not work on non-acyclic
connections such as the trivial one.

We will first show how to extend the Fredholm theory in the case of tubes, and then
take a look at how this can be adapted in the general tubular case. If M = R × N
then we can recast D$ as d

dt − Lω(t), but where now potentially Lω(±∞) are singular,
and thus D$ may not have closed image as the example of d

dt on R shows. What can
then be done, is that one can perturb the family Lω(t) such that the limit operators
are no longer singular (i.e. the zero eigenspace is pushed up or down to become a
slightly positive or negative eigenspace) and then take the spectral flow of that family
as the relative index (see section A.6.3 for the details). To be precise we want the
kernel to be pushed up at the positive end, and down at the negative end, which in the
notation of the appendix is denoted sf−+(Lω(t)). We define the Floer index of a flat
connection [ρ] ∈ R(Q) to be:

µ([ρ]) = − sf−+(Lρ, Lϑ) ∈ Z8,

where ρ is any lift in C (Q) of [ρ], and ϑ is a trivial connection. For instance if
[ρ] = [ϑ], we can choose as lift ρ = ϑ, so that by proposition A.44 we have
− sf−+(Lϑ, Lϑ) = − sf++(Lϑ, Lϑ) − ker Lϑ = 0 − 3 = −3 ≡ 5. If instead we
choose a different trivial connection ρ related to ϑ by a gauge transformation of gen-
eral degree, we should get different spectral flows, all congruent to 5 mod 8. Indeed,
additivity of the non-degenerate spectral leads to:

sf−+(Lρ, Lϑ) + sf+−(Lϑ, Lϑ) = sf−−(Lρ, Lϑ) ∈ 8Z,

where sf+− is the perturbed spectral flow where now the negative end gets pushed
up and the positive one down. Here the last inclusion follows from the result for
acyclic connections. Since by considering sf−− we perturb both ρ and ϑ into the
same direction, we can in fact perturb them to fixed acyclic connections σ and ϕ∗σ
respectively. For these we have already in (r) that sf(σ,ϕ∗σ) ∈ 8Z. Compare this
also to example 4.3. If we perturb the start- and end-point of this path in the same
way, the boundary points will no longer be on the codimension 1 wall of non-acyclic
connections, and the index of the path will be well-defined and equal to 8 degϕ =
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8 · 1 = 8. We get that sf+−(Lρ, Lϑ) ≡ sf−+(Lϑ, Lϑ) ≡ 5 mod 8, since in the case of
a constant path A(t) we have sf−+(A) + sf+−(A) = sf−−(A) = 0. By extending this
argument to general limits, we see that this new index is indeed well-defined modulo
8. What is left is to see that this is indeed an extension of the index we defined before.
If [ρ], [η] ∈ R∗(Q) are acyclic, we have:

µ([η]) − µ([ρ]) = − sf−+(Lη, Lϑ) + sf−+(Lρ, Lϑ)

= − sf−+(Lη, Lϑ) − sf+−(Lϑ, Lρ)

= − sf++(Lη, Lϑ) − sf++(Lϑ, Lρ)

= − sf++(Lη, Lρ) = δ([η], [ρ]) ∈ Z8.

Here we used the concatenation property of the spectral flow, while making sure to
only concatenate ends which are perturbed in the same direction (so that the operators
can continuously be matched up). Since η and ρ are acyclic, we could use in the last
line that sf++(Lη, Lρ) = sf(Lη, Lρ), which is a Z-valued lift of δ([η], [ρ]). Thus
we have completed our goal of defining an absolute index for the critical points, by
which one can compute the various indices of the deformation operators of flow lines
joining them.

Now, how can this be adapted to the general tubular case? We will not require it
in a substantial way, but it is still interesting to see. For a general adapted bundle
P → M over a tubular manifold, choose a weight function w ∈ C∞(M) which over
an end Ni ×R+ is given by w(p, t) = eαit, where αi , 0 is a weight associated to the
end Ni. Given a vector α = (α1, . . . ,αn) we can then define the weighted Sobolev
space Wk,p

α (E) of sections of a vector bundle E → M as the closure of the compactly
supported smooth sections with respect to the weighted norm:

‖s‖k,p,α = ‖ws‖k,p.

For different choices of w with the same weights, the norms are all equivalent, so
the Banach structure does only depend on the weights. We can now formulate the
Fredholm theory in the non-acyclic case.

Theorem 4.7 (D
α

$
is Fredholm) The operator Dα

$ : W1,2
α → L2

α is a bounded oper-
ator between Banach spaces. It is Fredholm if the weight αi over the end Ni with flat
connection ρi is not in the spectrum of Lρi .

We can furthermore, in analogy to what we have done before, define the index of an
adapted bundle. However in the non-acyclic case this index depends on the weight
vector α. We define thus:

ind(P,α) = ind Dα

$.

It can be shown that given a weight vector, the index is independent of auxiliary
choices, and if the weights are varied so that at all times αi < σ(Lρi), then the index
is unchanged. The correct infinitesimal gluing theorem now reads:
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Theorem 4.8 (Non-acyclic infinitesimal gluing) Let P0, P1 be adapted bundles over
tubular manifolds M0, M1. Suppose that Mi have the end N1 ×R+ in common, and
the weight vectors are of the form α0 = (α, β

0
) and α1 = (−α, β

1
). Then:

ind
(
P],

(
β

0
, β

1

))
= ind

(
P0,α0

)
+ ind

(
P1,α1

)
.

All this is best understood in the case of tubes, where the choice of weight function
can be expressed as a perturbation of the family Lω(t). For general tubular manifolds,
there are isometries:

Wk,p
α → Wk,p; u 7→ wu.

In the case of tubes we can choose w = eα(t)t with α(t) constantly equal to the
respective weights α+,α− for |t| >> 0. In particular we see that under these isometries
the operator:

d
dt
− Lω(t) : W1,2

α (R)→ L2
α(R)

goes over into the operator mapping W1,2(R) → W1,2
α (R) → L2

α(R) → L2(R) via
the formula:

eα(t)t
(

d
dt
− Lω(t)

)
e−α(t)tu =

(
d
dt
−

(
Lω(t) + α(t)

))
u.

Thus in other words, defining D$ over these weighted spaces has the effect of perturb-
ing the families Lω(t) over the ends, the same way in which we defined the spectral
flow for degenerate ends. In this picture, gluing the positive end of M0 with the
negative end of M1 is possible exactly when the corresponding weights agree, i.e.
α0
+ = α1

−. The gluing theorem then follows from the concatenation axiom for the
spectral flow (since the ends are nicely matched up). One thing to note here is that in
the statement of the gluing result, we require the weights over the ends to be opposite
of each other. This is because if we re-interpret the negative end of M1 as a postive
end of the form N ×R+, we have to invert the direction of time, i.e. t 7→ −t′, which
means that:

eα
′(t′)t′ =′ (p, t′) = w(p, t) = eα(t)t = e−α(t)t

′

,

so that α′(t′) = −α(t). Using this theory for tubes with the main theorem A.6.3, the
above generalised theorems can be proven by further subdividing the ends, so that
the only degenerate gluing happens between honest tube. Then the acyclic results
can be used for the tubular manifolds, and the non-acyclic results for the tubes.

4.4 Trajectory spaces

Now that we have set up the Fredholm and index theory over adapted bundles, we can
tackle the analysis of instantons on said bundles. For this we first go over the analytic
properties of instantons over tubular manifolds, and then run through the necessary
compactness and gluing results needed to define the Floer homology groups.
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4.4.1 Instantons over tubular manifolds

As the instanton equation is a non-linear elliptic PDE, we have by elliptic bootstrap-
ping that instantons are in fact always smooth, even on the non-compact tubular
manifolds. We already indicated in our definition of adapted bundles that instantons
converge to a flat connection over each end of a tubular manifold. The precise result
is the following:

Proposition 4.9 (Decay of instantons, 4.1 in [1]) Assume that all flat connections
on Q → N are non-degenerate. Let $ ∈ C (P) be an instanton such that F$ ∈

Lp for some p ≥ 2. Then for each end, there is a unique flat connection (up to
gauge equivalence) [ρ] ∈ B(Q) such that [ω(t)] (corresponding to [$]) converges
smoothly to [ρ].

This result, as well as the compactness properties of the moduli space of instantons
heavily depends on the following compactness result:

Theorem 4.10 (Uhlenbeck compactness, first version, 2.1 in [1]) Let P → U be
an SU(2)-bundle over an oriented (not necessarily compact) four-manifold and $k ∈

C (P) a sequence of instantons, such that ‖F$k‖L2 ≤ C < 8π2. Then there is a
subsequence that converges smoothly on compact subsets in B(P).

In this statement we included the condition F$k ≤ C < 8π2 in order to prevent
bubbling, meaning the concentration and disappearance of curvature in the limit.

Proof (of proposition 4.9) Consider an end R+ × N, and partition it into bands
Bk = (k, k + 1) × N. After a translation, consider the sequence of instantons $k =
$|Bk as being defined on (0, 1)×N. By Hölder’s inequality, the Lp-bound on the cur-
vature means that ‖$k‖2 → 0 for k → ∞. Thus by Uhlenbeck compactness, we can
find a convergent subsequence, also denoted by $k, converging smoothly on com-
pact sets to a flat connection [ρ] ∈ B(P|B0). Since flat connections on B0 are paths of
flat connections on N, and since the flat connections are non-degenerate, and hence
isolated, we have that [ω(k + 1

2 )] → [ρ( 1
2 )] in B(Q). Finally, the path [ω(t)] is

continuous and converges to R(Q) in L2 by the curvature bound. Since the set of flat
connections is a discrete subset of the Hausdorff space B(Q), the limit limt→∞[ω(t)]
exists and is equal to [ρ( 1

2 )]. �

This convergence result means that if all flat connections on N are non-degenerate,
we can associate to every instanton an adapted bundle, for which it will then be a
compatible connection. The analogous result in Morse theory for compact manifolds
is that every flow line has a determined start and end point. We can say even more
about this decay.

Proposition 4.11 (Exponential decay) Let $ ∈ C (P) be an instanton with non-
degenerate limiting connections {ρi}1≤i≤n. Let δ > 0 be the smallest positive eigen-
value of Hρi |δρi

, and suppose that F$ ∈ Lp for some p ≥ 2. Then :

‖Fω(t)‖ ≤ Ce−δt.

56



4.4. Trajectory spaces

The proof relies on establishing a differential inequality for J(t) =
∫ ∞

t ‖Fω(t)‖
2 of the

form dJ
dt ≤ δJ2 +CJ3. Then there is the following result concerning the connection

potential of an instanton over an end:

Proposition 4.12 (Exponentially decaying gauges) Let $ ∈ C (P) be an instanton
with non-degenerate limiting connections {ρi}1≤i≤n. Let δ > 0 be the smallest positive
eigenvalue of Hρi |δρi

, and suppose that F$ ∈ Lp for some p ≥ 2. Then over the i-th
end we can represent the connection as $ = ρi + a where |∇la| ∈ O(e−δt).

Since the base manifold M is non-compact, we need to be careful about choosing a
Sobolev space of connections. A good choice needs to take into account the adapted
structure of the bundle P. We choose C 1,p(P) = $0 + W1,p(M, ad P), where $0 is
an adapted connection. In other words it is the completion of the space of connections
with flat ends and a given second Chern number. We denote the set of instantons on P
by MP. As we have already stated, the map F+ : C 1,p(P)→ Lp(Ω2+(M, ad P)) is a
smooth map and the moduli space of instantons MP = (F+)−1(0) is the pre-image
of the zero-section. We say that a connection $ ∈ C 1,p(P) is a regular point if the
differential d+$ (and thus also the operator D$) is surjective, and admits a bounded
right inverse. In this case the dimension of ker D$ is given by ind D$. Here is the
precise statement for the moduli space of instantons.

Proposition 4.13 (Moduli space of instantons, 4.13 in [1]) Let M be tubular, and
P be an adapted bundle with acyclic ends. For generic smooth metrics, all non-
flat instantons are regular, and all moduli spaces MP with c2(P) , 0 are smooth
manifolds of dimension dim MP = ind P.

This is a consequence of the inverse function theorem for Banach spaces, as well as
the Sard-Smale therem, the infinite dimensional analogue of Sard’s lemma, which
states that for a map between finite dimensional manifolds f : X → Y , the set of
regular values is open dense. In fact we can achieve regularity of the moduli space
by perturbing the metric in a compact set, thus we do not need to vary the metrics
over the ends.

4.4.2 Gluing

Suppose we have two adapted bundles Pi → Mi (i = 0, 1) over tubular manifolds,
which have an end N ×R+ in common. Glue them together over this end to obtain a
bundle PT

]
→ M0]N M1. It turns out that under suitable circumstances we can extend

the infinitesimal gluing 4.6 to a non-linear gluing map of instantons of the form

τT : MP1 ×MP2 ↪→MP] .

Suppose we have regular instantons $i ∈MPi . By the decay results along tubes 4.9
and 4.12 we know that if we consider these instantons on N × [T − 2,∞) for T very
large, both the curvature and the local gauge potential will be of magnitude O(e−λT ).
Using partitions of unity, we can deform the instantons $i = ρ+ ai over [T − 2,∞)
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to connections $̃i which are flat on [T − 1,∞), i.e. equal to ρ. Thus the self-dual
part of the curvature of $̃i is supported in [T − 2, T − 1]. This now allows us to glue
the two new connections together to obtain a connection $0]$1 ∈ C (P]), which has
self-dual curvature away from a finite-length strip, and agrees with $i if restricted
to the complement of N × [T − 2,∞) in Mi. Moreover the self-dual curvature is of
magnitude O(e−λT ) by the decay result, hence the glued connection is in a sense
almost an instanton. To obtain the true instanton τT ($0,$1) ∈ MP] the idea is
now to find the instanton that is closest to our initial guess $0]$1 = $̃]. Consider
therefore a perturbation $] = $̃] + a with a small. The instanton equation for $]

can be written as:
d+
$̃]

a + (a∧ a)+ = −F$̃]
.

Note that from the direct proof of the infinitesimal gluing given in [1] it can be seen
that since $i were regular instantons, i.e. have d+$i

surjective, the glued operator d+
$̃]

is surjective as well, and thus has a bounded right-inverse Q. We try to find a solution
of the form a = Q(ϕ), i.e. to solve the equation:

ϕ+ (Q(ϕ) ∧ Q(ϕ))+ = −F$̃]
.

This can be done using the Banach fixed point theorem. Note that solutions to the
above equation are exactly the fixed points of the map:

ϕ 7→ T (ϕ) = −F$̃]
−(Q(ϕ) ∧ Q(ϕ))+.

Now the trick is to define the right function spaces, so that the above becomes a
contraction, in the sense that ‖T (ϕ) − T (ψ)‖ ≤ C‖ϕ − ψ‖2. Thus for small enough
‖F$̃]
‖, the Banach fixed point theorem yields the existence of exactly one fixed point

in proximity of ϕ0 = F$̃]
. Thus uniqeness is also guaranteed. The details are worked

out in ([1], p.94f). If we now restrict to pre-compact subsets Ni ⊂ MPi of regular
instantons, we can perform the above construction uniformly to yield a map:

τT : N1 × N2 →MP] .

Note that the bigger T is, the longer the resulting instanton spends in a neighbourhood
of the flat connection ρ on the connecting tube. Comparing with the classical Morse
theory picture, if T → +∞ then the flow lines τT ($1,$2) will break along the flat
connection ρ into its constituent parts $i.

If the glued instanton τT ($0,$1) is regular as well, we see from the infinitesimal
gluing that the dimensions of the moduli spaces add up:

dim MP0 + dim MP1 = dim MP] .

Thus it is reasonable to expect that by varying $i we can obtain all instantons in a
neighbourhood of τT ($0,$1), i.e. that the gluing map is a local diffeomorphism.
Furthermore, since we want to use the gluing construction in the end to compactify
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the spaces, we need to be able to reach via τT all the connections that escape towards
the boundary, so that we know which broken flow lines they converge to. Here the
precise notion of closeness in MP] is given by the metric induced from the L2-norm
on C (P), and we can relate instantons $] ∈ MP] with potential pieces $i ∈ MPi

via the comparison distance:

dcomp(τT ($0,$1);$0,$1) = dL2([$]|G0 ], [$0|G0 ]) + dL2([$]|G1 ], [$1|G1 ].)

Here Gi ⊂ Mi are compact subsets of Mi. If the Gi are big enough (i.e. they are the
complement in Mi of the ray N × (T − 2,∞] for instance), and T is big enough, then
this metric captures very well the notion of a connection in MP] being a concatena-
tion of connections in MPi , as the following result, the main theorem about gluing,
shows. We will state it here assuming that all limits are acyclic, since that is the only
case we require.

Theorem 4.14 (Gluing of instantons, 4.17 in [1]) Let S i be compact sets of regular
points in MPi . For small enough κ > 0 and for large enough T > 0, there are
neighborhoods S i ⊂ Vi and a smooth map:

τT : V0 × V1 →MP] ,

such that:

• τT is a diffeomorphism onto its image.

• dcomp(τT ($0,$1);$0,$1) ≤ κ for all $i ∈ Vi.

• Any connection $] ∈MP] with dcomp($];$0,$1) ≤ κ for some $i ∈ Ni lies
in the image τT (V0 × V1).

Note that if the moduli spaces MPi are themselves regular and compact we get a
gluing map of the form:

τT : MP1 ×MP2 ↪→MP] .

4.4.3 Compactness

Let P → M be an adapted bundle. We would like to investigate the compactness
properties of the moduli space of instantons on this bundle MP. We have the follow-
ing result by Uhlenbeck, of which a weaker version was already introduced before in
4.10.

Theorem 4.15 (Uhlenbeck compactness, 2.1 in [1]) Let P→ U be an SU(2)-bundle
over an oriented (not necessarily compact) four-manifold and $k ∈ C (P) a se-
quence of instantons, such that ‖F$k‖L2 ≤ C. Then there is a subsequence (which
we also denote by $k) that converges in the following weak sense. There are a finite
number of points x1, . . . , xl ∈ U, with l ≤ C

8π2 and an instanton $ ∈ C (P|U\{x1,...,xl}),
such that:

[$k] → [$] in B(P|U\{x1,...,xl}),
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and the curvature densities |F$k |
2 converge to the measure:

|F$k |
2 + 8π2

l∑
i=1

δxi .

We will now use this basic compactness result to derive the compactness up to broken
trajectories of the moduli spaces of CS-flowlines. But first, let us give an indication
of what Uhlenbeck compactness means in our situation. Suppose therefore that U
is a tube. Then there are two ways in which strong compactness can fail. First,
there is the possibility that curvature can concentrate at a point and vanish in the
limit. Each time that happens the norm of the curvature of the limit is reduced by
exactly 8π2. This is the so called bubbling phenomenon, which essentially arises
because the basic instanton on R4 can be shrunk arbitrarily. More formally, the
set of instantons on S 4 admits a free group action of the non-compact group R>0
via scaling, and by a map U → S 4 this disappearing family of instantons can be
grafted onto any manifold. Then there is the sliding-off of curvature of a tube, via
the action of R on the instantons over the tube by translation. As an example, let cT :
N ×R → N ×R denote the translation (p, t) 7→ (p, t + T ), then for any instanton
$ ∈ C (P), if {Tk}k∈N is a sequence diverging to +∞, then c∗Ti

$ converges weakly to
a flat instanton. Note that if we think of S 3 ×R as the conformally equivalent space
R4 \ {0}, then sliding off to infinity is simply bubbling at 0 ∈ R4. To counteract this
second kind of loss of curvature, we introduce the reduced moduli space M

′

P ⊂MP,
which consists of all the centred instantons, i.e. instantons $ ∈ C (P) such that:∫ +∞

−∞

t|F$|
2 = 0.

If the instanton $ is not flat, then there is exactly one centred translate of it. Hence
if MP only consists of non-flat instantons (which is the case if c2(P) , 0), then
M

′

P ×R = MP. On the other hand, if c2(P) = 0, then all instantons are flat, and as
such M

′

P = MP.

We now introduce the notions of weak and strong convergence on the moduli space of
instantons on an adapted bundle P→ N ×R, for which we have compactness results.
A translation vector T is an ordered sequence T (1) < T (2) < · · · < T (n) of real
numbers. Let [$α] ∈ MP be a sequence of instantons and [$1] ∈ MP1 , . . . , [$n] ∈
MPn a collection of instantons on possibly different bundles Pi. We say that [$α] is
Tα-chain-convergent to [$] = ([$1], . . . , [$n]) if there is a sequence of translation
vectors Tα with Tα(k) − Tα(k − 1)→ +∞, such that:[

c∗Tα(k)

]
→ [$k]. (†)

We say that the chain-convergence is weak if (†) holds only in the weak sense from
Uhlenbeck’s theorem. Define a chain of adapted bundles subdividing a bundle P to
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be a collection P = (P(1), . . . , P(n)) of adapted bundles with the following property.
If P has flat limits ρ− and ρ+, and Pi have flat limits ρ−i and ρ+i respectively, then we
must have:

ρ− = ρ−1 , ρ+1 = ρ−2 , . . . , ρ+n−1 = ρ−n , ρ+n = ρ−.

A weak chain is a chain P that also encodes at which points on an intermediate tube
bubbling occurs. To be precise this additional data is a collection Z = (Z(1), . . . , Z(n)),
where Z(i) is a finite, unordered collection of points on N ×R. A chain is also always
a weak chain by setting Z(i) = ∅. In the following we will therefore refer to both
chains and weak chains simply as chains. For (P, Z) be a chain of adapted bundles,
we define its index as:

ind(P, Z) =
∑

i

(ind Pi + 8|Z(i)|) .

Furthermore, we define the second Chern number of a chain as:

c2(P, Z) =
∑

i

(c2(Pi) + |Z(i)|) .

Thus in the language of chains, a sequence of instantons [$α] ∈ MP weakly chain-
converges, if there is a chain (P, Z) and a collection of instantons [$] with $i ∈

MP(i), such that correctly chosen translates of [$α] converge to [$i] locally in C∞

away from the bubbling points Z(i). The convergence is strong if |Z(i)| = 0. Note
that we can always introduce intermediate flat bundles into the chain by choosing the
translates correctly. For instance if we choose Tα such that

∫ Tα
−∞
|F$α |

2 < 1
α , the trans-

lates c∗Tα$α will converge to a flat instanton, which in B(Q) just is a constant path.
Thus if we speak of the length of a chain, we mean the shortest possible length. The
main compactness theorem, on which all of the subsequent analysis of the trajectory
spaces is based is the following:

Theorem 4.16 (Weak Compactness) Any sequence of instantons over an adapted
bundle P→ N ×R has a weakly chain-convergent subsequence. Let a limit chain be
(P, Z). There always holds c2(P, Z) ≤ c2(P). If in addition c2(P, Z) = c2(P), then
the convergence is strong.

There is a corresponding theorem for the general case of tubular manifolds, where
the notion of chain convergence has of course to be adapted. It needs to include an
adapted bundle over the original tubular manifolds, as well as tubular chains as we
have introduced them above over each end. In particular, using this extended theorem,
the above result does not only hold in the case where M = N ×R with the product
metric, but also when the the metric varies with t, i.e. when regarding the tube as
a tubular manifold with two ends, and a center piece diffeomorphic to N × (−1, 1).
In order to constrain the possible limit connections of a sequence more, we have the
following result about the index of the limit chain:
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Proposition 4.17 (Index of limit, 5.7 in [1]) Let [$α] ∈ MP be a sequence that is
weakly chain-convergent to [$α] on (P, Z). Then we have:

ind(P) = ind(P, Z) + H.

Here H denotes the sum of H0(N, dρi) for all the intermediate flat connections ρi.

From these results we can now prove the main compactness principles for low-dimensional
trajectory spaces:

Corollary 4.18 (Compactness principle) Suppose all moduli spaces over the tube
N ×R are regular. We then have the following for an adapted bundle P over the tube:

• If dim MP < 9, then any sequence has a strongly chain-convergent subse-
quence.

• If dim MP < 5, then the chain has length ≤ dim MP + 1 and does not factor
through trivial limits. If N × R is a Riemannian tube then the length is ≤
dim MP.

Proof • Let (P, Z) be the limit chain. Then by proposition 4.17 we have:

9 > ind(P) = ind(P, Z) + H =
∑

i

(ind Pi + 8|Z(i)|) + H

≥8
∑

i

|Z(i)|+ 1 > 0.

As such
∑

i|Z(i)|must be zero, so no bubbling can occur. Here we used the fact
that since all the moduli spaces are regular and non-empty, the must have posi-
tive index. Furthermore, by translation invariance, the index of every element
in the chain must in fact be ≥ 1. Since the limit chain must at least contain one
term, we thus have

∑
i ind Pi + H ≥ 1 + 0 = 1.

• Recall that dim H0(N, dϑ) = 3 for the three-dimensional trivial connection.
Thus if the chain were to factor through the trivial connection, again by regular-
ity all the indices of adapted bundles over true Riemannian tubes (N ×R, g2 +
dt2) must be ≥ 1, so that in particular, the two terms on either end must have
index ≥ 1. Note that there might be an intermediate term were the metric is
varied, so that the translation invariance cannot be applied. This intermediate
bundle might have index 0. In all we get that:

5 > ind(P) = ind(P, Z) + H ≥ 1 + 3 + 1 = 5,

describing the situation where the limit chain has 2 terms (the minimum needed
to factor through any connection) and the intermediate connection is trivial.
Thus the chain cannot factor through acyclic limits. Since every intermedi-
ate bundle except for potentially the one where the metric is non-constant has
index at least 1, the result on the chain length follows. �
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The gluing construction on tubes we introduced last section can intuitively be seen as
an inverse to the splitting of adapted bundles chains when taking limits. Suppose we
are in the setting of theorem 4.14, where S i ⊂MPi is a pre-compact set of instantons.
Then we have the following result.

Proposition 4.19 (Relation to gluing, 5.8 in [1]) If [$i] ∈ S i are regular instantons
and [$α] is a sequence of centred connections over N ×R which is strongly chain-
convergent to ([$0], [$1]) on P = (P0, P1), then for large enough T , the connec-
tions [$α] lie in the image of the gluing map τT .

Combining the previous two results, we can now describe more precisely the com-
pactness behaviour of 0, 1 and 2−dimensional trajectory spaces on a homology three-
sphere.

Theorem 4.20 (Compactness up to broken trajectories) Let N be a homology three-
sphere. Let N ×R be a tube with a (not necessarily constant metric) such that all
trajectory spaces MP are regular. Let P be a fixed adapted bundle joining two acyclic
connections. We then have the following compactness properties:

• If dim MP = 0, then MP is compact.

• If dim MP = 1 and let the metric on the tube be constant, then the reduced
moduli space M

′

P is compact.

• If dim MP = 2 and let the metric on the tube be constant, then any sequence
of centred instantons in M

′

P either has a convergent subsequence, converging
to a limit in M

′

P, or a subsequence which is strongly chain convergent [$] on a
two-step chain to P = (P(1), P(2)), where the P(i) have acyclic limits. Thus
we can compactify M

′

P to a 1-dimensional manifold by adding in the broken
flow lines M

′

P(1) ×M
′

P(2).

Proof

• Any sequence in MP must contain a strongly chain-convergent subsequence
by the compactness principle 4.18. Since the chain however cannot be sub-
divided further in a meaningful way (that is without appending chains that
connect a connection to itself), the convergence must be convergence in MP.

• Again, by the compactness principle, any sequence must contain a strongly
convergent subsequence of length at most 1. Thus is is in fact convergence
up to translation in the same moduli space. Choosing the normalisation by
centring all instantons thus gives convergence of centred instantons towards a
centred instanon on P.

• Here the limit chain can either have length one, so that by the previous argu-
ment the convergence is strong in M

′

P, or it can have length 2. Since the limit
cannot factor through the trivial connection (which on homology three-spheres
is the only reducible connection) it must factor through irreducible connections.
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Via the gluing map and proposition 4.19, which tells us that any such sequence
of divergent instantons can be obtained by gluing elements in M

′

P(i), we see

that by adjoining the broken flow lines, we can compactify M
′

P. �

4.4.4 Perturbation

It may happen that not all critical points of CS are non-degenerate. We then need
to perturb the functional to achieve non-degeneracy. This must however be done
carefully, since the resulting Floer groups should not depend on the perturbation. We
will for this purpose introduce a special class of perturbations adapted for the case
of homology three-spheres. Let thus Q → N be a trivial SU(2)-bundle over a three-
manifold, and choose a knot (i.e. an embedding of a circle) γ : S 1 → N. Its normal
bundle Nγ → S 1 is an orientable bundle over S 1, and thus trivial. By the tubular
neighbourhood theorem we can therefore thicken the loop to an embedding of a solid
torus Γ : S 1 ×D2 → N. For z ∈ D2, define the longitude γz : S 1 → N to be
γz(t) = Γ(t, z). Finally, choose a compactly supported two-form µ ∈ Ω2(D2) with
integral 1. We define for ω ∈ C (Q):

σ(ω) =

∫
D2

tr
(
P̂ω
γz

)
µ.

Here P̂ω
γz

denotes the holonomy of ω around the loop γz, which is an element of
SU(2). Since the holonomies of gauge-equivalent connections are conjugated, this is
a gauge-invariant mapping. Moreover it can be shown that σ is a C2-map on B∗(Q).
Choosing a collection of such knots γi for 1 ≤ i ≤ K we can in this manner obtain
functionals σi. For a vector ε ∈ RK we can define the functional:

σε : C (Q)→ R; ω 7→

K∑
i=1

εiσi(ω),

which of course also descends to define a functional σ on B∗(Q). We call functions
of this type admissible perturbations. The main result on these perturbations is the
following:

Theorem 4.21 If K is sufficiently large, then there are loops γi for 1 ≤ i ≤ K such
that the functional CS+σε only has non-degenerate critical points on C (Q), where
ε can be chosen arbitrarily small in an open dense neighbourhood of 0 ∈ RK . More-
over the perturbation can be chosen such that for a given metric on N, all moduli
spaces on the tube N ×R are regular.

Note that if N is a homology three-sphere, then the trivial connection is already non-
degenerate for the usual Chern-Simons functional. Thus sufficiently small perturba-
tions keep it non-degenerate.
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4.5 Floer homology groups

Consider a homology three-sphere N. Then the set of critical points R∗(Q) of CS
is finite. Perturb the Chern-Simons functional so that every critical point is non-
degenerate, and choose a metric on N such that all the moduli spaces of instantons
over N ×R are regular. For simplicity, we will be working with the Chern-Simons
functional directly and assume that all the critical points are already non-degenerate.
We can now define the chain complex which underlies instanton Floer homology.

Definition 4.22 (Floer chain complex) Let g be a Riemannian metric on N such
that all moduli spaces MP for adapted bundles over N ×R are regular. We then
define the Floer chain complex of the pair (N, g) to be the Z8-graded chain com-
plex which in degree k ∈ Z8 is given by the Z2-vector space

CFk(N) = Z2〈[ρ] ∈ R∗(Q) : µ([ρ]) = k〉.

The differential dg : CFk(N)→ CFk−1(N) is given by:

dg[ρ] =
∑

µ(η)=k−1

〈ρ, η〉[η].

Here 〈ρ, η〉 := |M
′

P| mod 2, where P is an adapted bundle of index 1 joining ρ→ η.

Proposition 4.23 The Floer chain complex is a chain complex, i.e. d2 = 0.

Proof Direct computation of d2
g gives for [ρ] ∈ CFk(N):

d2
g[ρ] = dg

∑
µ(η)=k−1

〈ρ, η〉[η] =
∑

µ(τ)=k−2

∑
µ(η)=k−1

〈ρ, η〉〈η, τ〉[τ].

So we need to show that for any [τ] ∈ CFk−2(N) we have
∑
µ(η)=k−1〈ρ, η〉〈η, τ〉 = 0.

But by the theorem 4.20 on compactness up to broken trajectories we know that this
sum is exactly the number of boundary points of the compact manifold M

′

P, where
P is the bundle having limits ρ and τ respectively. By the classification of compact
one-manifolds it is always even. �

Thus the Floer homology groups:

HFk(N, g) := Hk(CF(N), dg)

are well defined Z2-vector spaces, which are a priori dependent on the metric g.

4.5.1 Functoriality

A priori, the Floer homology group as we have defined them could depend on the
choice of metric, which enters substantially into the definition of the moduli space of
instantons. Furthermore it needs to be checked that all admissible perturbation of CS
give rise to isomorphic homology groups for the theory to be useful.
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Independence of the metric

Let g0, g1 be two metrics on a homology three-sphere N, such that the Floer homol-
ogy groups HF∗(N, gi) are well-defined. We will define a map associated to these
two metrics:

HF(g0, g1) : HF∗(N, g0) 7→ HF∗(N, g1),

such that if g2 is another metric with associated well-defined Floer homology groups,
the following functorial property is satisfied:

HF(g1, g2) ◦HF(g0, g1) = HF(g0, g2),

and HF(g0, g0) = id. We thus see that the Floer homology groups define a functor
from the groupoid category with objects the regular Riemannian metrics on N, and
exactly one morphism between each ordered pair of metrics. Since functors preserve
isomorphisms, every map HF(g0, g1) must be an isomorphism. Now onto how these
maps are defined. We proceed along the following program:

1 Define the map CF(g1, g2) on the chain level using an auxiliary metric G on
the tube N ×R.

2 Prove that this map is a chain map, and as such descends to homology.

3 Prove that while the choice of metric G may impact the map CF(g1, g2), any
two such maps are chain-homotopic, thus descend to the same map in homol-
ogy.

4 Prove the functorial properties of the chain map, which imply the functorial
properties of the map in homology.

We now go through the steps in more detail.

1 Let ρ, η ∈ R∗(N) be two flat connections such that µ(ρ) = µ(η). Thus there
is an adapted bundle P(ρ, η) over the tube N ×R of index 0 and with limits ρ as
t → −∞ and η as t → +∞. Choose a metric G on the tube, which agrees with g0
on N × (−∞,−1] and g1 on N × [1,+∞), such that all the moduli spaces are regular.
Then as a consequence of theorem 4.20 we have that MP(ρ,η) is a compact 0-manifold,
i.e. a finite set. We define the map:

CFG(g0, g1)([ρ]) =
∑

µ([η])=µ([ρ])

|MP(ρ,η)|[η].

This assignment is well-defined, but a priori depends on the choice of metric G.

2 To prove that CFG(g0, g1) is a chain map, we need to show that the map:

F = d ◦CFG(g0, g1) −CFG(g0, g1) ◦ d : CFk(N)→ CFk−1(N)
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vanishes identically. We consider the coefficient relating [ρ] ∈ CFk(N) to [τ] ∈
CFk−1(N), which is given by:∑

µ(η)=k

|MP(ρ,η)|〈η, τ〉 −
∑

µ(η)=k−1

〈ρ, η〉|MP(η,τ)|.

To show that this coefficient vanishes, we note that it counts the boundary points of
the compact one-manifold MP(ρ,τ). Indeed a sequence of instantons over this bundle
of index one with varying metric can break into at most two flow lines (since all
bundles are assumed regular), one of index 0 (where the metric changes, and thus
admits no translation invariance) and one of index 1 (on either end, where the metric
is constant).

3 We can show independence of the metric similarly. Indeed for two auxiliary
metrics G0 and G1, as well as a homotopy Gt between them, we construct a chain
homotopy between CFG0(g0, g1) and CFG1(g0, g1), i.e. a map:

H : CFk(N, g0)→ CFk+1(N, g1),

such that dH + Hd = CFG0(g0, g1) −CFG1(g0, g1). Its existence shows that the two
chain maps defined using different auxiliary data descend to define the same map
in homology. The chain homotopy H is defined through its matrix representation,
namely by counting pairs ($, t) such that there is an instanton $ with respect to the
metric Gt joining [ρ] ∈ CFk(N), [η] ∈ CFk+1(N). Since the index of this bundle is
−1, for a fixed metric there will be no instantons joining these two critical points.
However if we consider an entire family of metrics, we expect to encounter a finite
set. Of course the compactness and regularity results need to be extended in order to
account for this case. Then the chain homotopy identity is again shown by equating
its coefficients with the number of boundary points of a suitable one-dimensional
compact manifold.

4 Finally, let us prove the functorial properties. If G is the product metric G2 =
dt2 + g2, then translation invariance holds for any instantons over this Riemannian
tube. Since the bundle has index zero, this means that the instantons are constant
paths in B∗(N). In other words 〈ρ, η〉 = [ρ = η], and so CF(g, g) = idCF• .

Suppose next that we have three metric g0, g1 and g2. To conclude the independence
of the metric, we need to show that:

CF(g0, g2) = CF(g1, g2) ◦CF(g0, g1),

or in components that
∑
µ(η)=k|MP(ρ,η)||MP(η,τ)| = |MP(ρ,τ)| for [ρ], [τ] ∈ CFk(N).

But from the gluing theorem 4.14, since we can take S i = MP(·,·), we have a map:

τT : MP(ρ,η) ×MP(η,τ) →MP(ρ,τ),

which for large T is a diffeomorphism onto its image (i.e. injective), and also surjec-
tive, by the compactness up to broken trajectories. Thus it is a bijection. From this
the formula for the components follows.
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Independence of the perturbation

Independence of the admissible perturbation σε can be shown in a similar way,
namely by defining a chain map CF(σε0,σε1) that satisfies all the same formal proper-
ties as the corresponding chain map for the metric. Notice that now the auxiliary data
is a homotopy σεt between the two perturbations, by which instanton equation along
the tube is altered. More precisely, let x ∈ Crit(CS+σ

ε

0) and y ∈ Crit(CS+σ
ε

1).
Then in order to count the contribution of y in CF(σε0,σε1)[x] count the solutions to
the equation:

dω(t)
dt

= −?3 (Fω(t)) −∇σ
ε
t .

All the steps can be performed in essentially the same way as before, with slight alter-
ations. The composition property follows by composing homotopies with a common
end-point. Considering the identity property, it is important to note that ϑ is and stays
an isolated critical point during any Morse homotopy of sufficiently small admissible
perturbations. Thus the only flow-line starting or ending at the trivial connection is
given by the four-dimensional trivial connection. We illustrate the problems arising
from the trivial connection on the following example:

Example 4.24 Consider the real plane R2 with the usual circle action. Define the
invariant function Φ(z) = |z|4, which has a single degenerate critical point at 0.
For ε ∈ R consider Φε(z) = |z|4 + ε|z|2, which for ε , 0 has a non-degenerate
critical point at z = 0. If ε > 0, this is the only critical point, but if ε < 0, it

admits a critical ring of radius
√
−ε
2 . After quotienting, the induced functions on

R>0 have no critical points and a single non-degenerate critical point respectively.
Thus perturbing the functional Φ can lead to a situation where the perturbation has
either no or a single critical point on R>0. Thus the Morse homologies of R>0 defined
by these two perturbations are clearly different. The problem that arises when one
tries to define a continuation map from Φε to Φ−ε is that the critical point merges
with the critical point at the origin, which from the point of view of the quotient R>0
is not visible.

If ϑwas not already non-degenerate for the initial Chern-Simons functional, we could
potentially choose two different perturbations, one splitting off a critical point from
ϑ (corresponding to the case ε < 0) and one which does not (corresponding to ε >
0). By choosing such perturbations that only differ in a neighborhood of the trivial
connection we can achieve that one of the chain complexes has a single additional
critical point, thus altering its Euler characteristic. Hence the Floer homology cannot
be well-defined in this situation. Now the condition that ϑ is non-degenerate for CS is
equivalent to requiring H1(N) = 0 by example 3.28, thus it was of utmost importance
to require N to be a homology sphere. However since ϑ is in fact non-degenerate, we
can choose our perturbations small enough such that it stays non-degenerate, and no
other critical points comes close enough be sucked in. This is the reason that the
Floer homology groups are well-defined in this case.
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4.5.2 Examples

It is unfortunately very difficult to explicitly compute the Floer homology groups of
three-manifold, since both the index and the boundary operator are highly non-trivial
to determine. In fact, most known computations rely on the fact that the boundary
vanishes identically for dimensional reasons. We will nonetheless give two examples.

1 The standard three-sphere S 3. Since π1(S 3) = 0, the only flat connection that
S 3 admits is the trivial connection, which is already non-degenerate, since H1(S 3,ϑ) =
0. Thus the Floer groups have no generators, and the boundary operator is irrelevant.
We have:

HF•(S 3) = 0.

2 The Poincaré homology sphere P. It was the first counter-example of Poincaré’s
initial conjecture, which stated that any homology three-sphere must be in fact home-
omorphic to the standard sphere. After he discovered P, Poincaré revised his con-
jecture to the modern formulation, that every connected, simply connected three-
manifold must in fact be homeomorphic to S 3. It can be described as the quotient of
a dodecahedron, where opposite faces are glued after rotating them by 2π

5 . Its funda-
mental group has order 120, so we expect it to admit non-trivial flat connections. In
fact it admits two, of index 1 and 5 respectively. Thus:

HF•(P) = (0, Z2, 0, 0, 0, Z2, 0, 0).

There are computational tools for special classes of homology spheres (see for in-
stance 6.4 in [11]), which give rise to some further example computations. Note that
the computations above are consistent with the Casson invariants of S 3 and P, as we
have:

λ(S 3) = 0 =
1
2
χ(HF•(S 3)); λ(P) = −1 =

1
2
χ(HF•(P)).

4.5.3 TQFT structure

We conclude our discussion of the instanton Floer homology groups by describing
their (3 + 1)-dimensional topological quantum field theory (TQFT) structure. Re-
call that an n-dimensional TQFT is a covariant functor:

A : nCob→ Vectk

from the category of n-dimensional cobordisms (with objects (n − 1)-manifolds and
morphisms compact oriented cobordisms between them) into the category of vector
spaces, such that the product identity A (N1 t N2) = A (N1) ⊗A (N2) holds. In
other words, a full (3 + 1)-TQFT assigns to each three-manifold a vector space, and
to each oriented cobordism (i.e. with an in-boundary and out-boundary) a linear map
between the incoming and the outgoing vector space. In our case, we will consider a
reduced TQFT structure on the sub-category of 4Cob generated by disjoint unions of
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homology three spheres, and cobordisms which satisfy certain topolgical properties.
To be precise, we define for N =

⊔n
i=1 Ni:

HF•(N) =
n⊗

i=1

HF•(Ni),

considered as the Z8-graded tensor product complex. We define HF•(∅) = Z2. We
will also consider the tensor complex on the chain level CF•(N) =

⊗n
i=1 CF•(Ni).

The map induced from a cobordism M : N ⇒ N′ (i.e. a compact oriented manifold M
with boundary ∂M = N̄ t N′) will defined by counting instantons. Let the boundary
of M be of the form N =

⊔n
i=1 Ni and N′ =

⊔k
j=1 N′i , where Ni and N′j are homology

three-spheres, and adjoin semi-infinite tubes to the boundary components to make it
a proper tubular manifold. We define a map between the tensor chain complexes:

HF•(M) : CFk(N)→ CFk(N′)

[ρ] 7→
∑

[τ]∈CFk(N′)

|MP(ρ,τ)|[τ].

Here [ρ] = [ρ1] ⊗ · · · ⊗ [ρn] and [τ] = [τ1] ⊗ · · · ⊗ [τm] are generators of the vector
space in degree k, so that MP(ρ,τ) is the adapted of index 0 over M, where the limits
are prescribed by [ρ] and [τ]. Here it is important to note that the Fredholm index
of a bundle over M can in general be expressed through the degrees of [ρ] and [τ] in
their respective tensor complexes via:

ind MP(ρ,τ) = deg[ρ] − deg[τ] =
n∑

i=1

µ([ρi]) −
k∑

j=1

µ([τ j]).

Indeed, note that a cobordism M is composed of a tube for each boundary component
as well as a center-piece which connects them. Because of the invariance of the index,
we can arrange that each tube passes trough a trivial three-dimensional connection
before joining the center-piece. Thus:

ind MP(ρ,τ) = ind MP(ϑ,ϑ) +
n∑

i=1

µ([ρi], [ϑ]) +
k∑

j=1

δ([ϑ], [τ j]).

Now it is clear that ind MP(ϑ,ϑ) = 0 ∈ Z8 by considering the four-dimensional triv-
ial connection as an example of an adapted connection. The identity we claimed
now follows from δ([ρ], [η]) = µ([ρ]) − µ([η]) and µ([ϑ]) = 0. What is left to be
checked is that the moduli space MP(ρ,τ), which we know is generically a discrete
set of points, is compact, that the map above is indeed a chain map, and that on the
level of homology it is independent of the auxiliary metric chosen on M. These ver-
ifications are very similar to what we had to check in section 4.5.1. When analysing
the compactness property in particular, it is important that a chain of instantons on
M cannot factor trough a reducible connection on the center-piece (since compact-
ness requires the limit chain to be composed of irreducible terms). So the class of
cobordisms we can consider must be such that this cannot happen.
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Example 4.25 Let N0, N1 be two homology three-spheres, and let M : N0 ⇒ N1 be
a cobordism with H1(M) = 0. We claim that no sequence in MP(ρ,τ) can converge
to a chain with reducible terms. Note that by our assumption on homology, the only
reducible instanton on M must be the trivial connection. By formula 4.17 we have
for such a limit chain (P, Z) that:

0 = ind Θ + dim H1(N0,ϑ) + dim H1(N1,ϑ) + ind P− + ind P+ + 8k.

By general position, the indices of the limiting tubes on both ends must be non-
negative (since it supports an instanton), thus:

0 ≥ ind Θ + dim H1(N0,ϑ) + dim H1(N1,ϑ).

However computation shows that dim H1(Ni,ϑ) = 3 and ind Θ = −3, leading to the
absurd conclusion 0 ≥ 3. Thus in this case no reducible instantons can appear on the
center-piece of the cobordism. A similar reasoning shows that this cannot happen on
the tubes either, so that the moduli space is indeed compact.

Next, we need to verify the functorial property of the TQFT given by instanton Floer
homology. This follows again closely our description of the functoriality with regards
to the metric. In particular if M : N0 ⇒ N1 and M′ : N1 ⇒ N2 are two cobordisms,
such that ∂out M = ∂inM′, we can compose them to yield a cobordism M ◦ M′ :
N0 ⇒ N2. In particular, by sufficiently stretching the necks, we can achieve that all
instantons over M ◦ M′ are the result of gluing, and the gluing map then provides a
bijection of finite sets:

MP](ρ0,ρ2)
'MP(ρ0,ρ1) ×MP(ρ1,ρ2).

This proves the composition property. Finally the product property (where the dis-
joint union of manifolds goes over into the tensor product of vector spaces) is evident
from the definition of our TQFT. The utility of this description is that it provides in-
variants for closed four-manifolds M, seen as cobordisms between empty manifolds
M : ∅ ⇒ ∅, and these invarints can in principle be computed by cutting the four-
manifold along a three-dimensional slice. For instance, if a M admits a embedded
sphere S 3 ⊂ M, which separates M into two components M = M1 ∪ M2, then the
invariant so defined must vanish. Indeed, say ∂M1 = ∅̄ t S 3 and ∂M2 = S̄ 3 t∅, then
by functoriality:

HF•(M) = HF•(M1) ◦HF•(M2) : Z2 → HF•(S 3)→ Z2.

Thus, since HF•(S 3) = 0, the invariant vanishes in this case. Since a manifold
can potentially be cut along many embedded three-manifolds, we see that the TQFT-
structure on the Floer homology groups is a restrictive condition. As an example,
2-dimensional TQFTs are equivalent to a very restrictive class of algebras, so callled
Frobenius algebras (see e.g. [13]).
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Appendix A

Analysis

In this appendix we introduce the the analysis of partial differential operators on man-
ifolds which we require in our examination of the instanton equation. All manifolds,
vector bundles and principal bundles are assumed smooth. All manifolds will be
oriented.

A.1 Sobolev spaces of sections

Let E → M be a rank k vector bundle over a manifold (possibly with boundary),
and let Γ(E) denote its smooth sections. We would like to define a notion of smooth
structure on this space (or an extension of it) which is well behaved under the usual
analytic operations such as taking limits. We present two possible answers: Fréchet
space structure and Sobolev space structure. Consider first the example of the closed
unit ball Dn ⊂ Rn and a trivial line bundle L over it. Then we have the isomorphism
Γ(L) ' C∞(Dn), the latter of which is a Fréchet space with respect to the family of
semi-norms {

∑k
i=0‖·‖Ci}k∈N. However Fréchet spaces are analytically hard to work

with, since they for instance do not satisfy the implicit function theorem. Hence
we would prefer a Banach or, if possible, a Hilbert space structure. In our model
a possible answer is given by the Sobolev spaces Wk,p(Dn) of order k ∈ N and
regularity p ∈ [1,∞], where the Hilbert case is given if p = 2. Let us now extend
these definitions from the toy model onto possibly non-trivial and higher rank vector
bundles.

First the Fréchet space structure. For this we need a countable family of semi-norms.
We choose the following:

Definition A.1 Let K = Ū be an compact subset which is the closure of an open
subset of M and ϕ : E|K → Rk a vector bundle chart over K. We define the semi-
norm:

‖s‖l,K = ‖ϕ ◦ s|K‖Cl(K)
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A. Analysis

Let now {Ki,ϕi}i∈N be a trivialization of E. We then have a countable family of semi-
norms given by ‖·‖l,i = ‖·‖l,Ki . Since N ×N is countable we can re-index them as
‖·‖ j for j ∈N. Then define the increasing family of semi-norms

‖·‖F,k =
k∑

j=0

‖·‖ j

We are now in a position to define a Fréchet space structure analogous to the one on
C∞(Dn) by the following proposition.

Proposition A.2 (Fréchet space of sections) The space Γ(E) together with the count-
able family of semi-norms ‖·‖F,k is a Fréchet space, and the Fréchet space structure
does not depend of the ordering of N ×N. Furthermore, if M is compact it is also
independent of the family of trivializations chosen.

Proof Let s ∈ Γ(E) be a smooth section, and suppose ‖s‖F,k = 0 for all k. But then
in particular ‖s|Ki‖C0(Ki) = 0 for all i, and hence s = 0 ∈ Γ(E), so the family of semi-
norms is non-degenerate. It remains to show completeness with respect to the family
of semi-norms. Suppose therefore that {sn}n∈N ⊂ Γ(E) is a sequence of sections
which is Cauchy with respect to all the ‖·‖F,k. By unravelling the definitions we get
‖sn|Ki‖Ck(Ki) is Cauchy. But then since C∞(Ki) is Fréchet, there is ti ∈ ΓKi(E) such
that sn|Ki → ti smoothly. The ti must agree on their overlap, an hence fit smoothly
together to form a section t ∈ Γ(E). It is then clear that sn → t w.r.t. the family of
semi-norms ‖·‖F,k, and so Γ(E) has a Fréchet space structure, induced by the family
of semi-norms.

Now, this Fréchet structure is independent of the ordering, for let η : N → N be a
bijection, and let

‖·‖′F,k =
k∑

j=0

‖·‖η( j).

But then ‖·‖′F,k ≤ ‖·‖F,maxi=0,...,k η(i) and similarly ‖·‖F,k ≤ ‖·‖
′

F,maxi=0,...,k η−1(i)
, so the two

structures are equivalent.

Finally, let M be compact. We will now show that in this the Fréchet structure does
not depend on the trivializations chosen. First, consider two different trivializations
ϕ1,ϕ2 : E|K → Rm over a compact subset K ⊂ M, with transition function g : K →
GL(m) ⊂ Rm×m. Let s ∈ ΓK(E) be a local section. Then for I ∈Nn a multi-index:

‖ϕ1 ◦ s‖Ck(K) =‖g(ϕ2 ◦ s)‖Ck(K)

≤

k∑
i=0

‖g‖Ck−i(K)‖ϕ2 ◦ s‖Ci(K)

≤C
k∑

i=0

‖ϕ2 ◦ s‖Ci(K)
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A.1. Sobolev spaces of sections

Now by this bound we can again find that the two Fréchet structures with one triv-
ialization replaced by another are equivalent. In fact one can replace any number
of trivializations, since each semi-norm ‖·‖F,k only has finitely many terms. Finally,
it is easy to see that the Fréchet structure induced by a refinement of a cover is the
same as the one induced by the original cover, since the original cover can be covered
by finitely many compact sets of the new cover, as the compact sets constituting the
cover contain a a non-empty open set. �

Note that the Fréchet space structure not necessarily unique on non-compact mani-
folds. However, the above uniqueness result can be extended to the case of tubular
manifolds by restricting to product sets over the ends. Let us finish our discussion of
Fréchet spaces by providing a useful lemma:

Lemma A.3 (Smooth exponential law) Let N be a compact manifold. Then:

C∞c (R × N) ' C∞c (R, C∞(N)),

as Fréchet spaces.

Proof To Φ ∈ C∞(R, C∞(N)) we associate the map ϕ ∈ C∞(R × N) given by
ϕ(t, x) = Φ(t)(x). Similarly to ϕ ∈ C∞(R × N) we associate Φ ∈ C∞(R, C∞(N))
by the same formula. That this bijective assignment of sets restricts to the compactly
supported forms is clear, since compactly supported on R × N means non-zero on a
bounded subset of the R-factor.

Recall that a map Φ : R→ C∞(N) is continuous at a time t ∈ R exactly when ti → t
implies ‖Φ(t) −Φ(ti)‖Ck(N) → 0 for all k simultaneously. Thus by compactness of
N, continuity of Φ and ϕ are equivalent. For the higher derivatives, the following
identity is key:

d
dt

Φ(t)(x) = (∂tϕ)(t, x),

for it implies that Φ̇ is continuous iff ∂tϕ is. Since ϕ is always continuously differen-
tiable in the space directions by assumption on Φ, we have established the correspon-
dence. �

We are however not going to dive into Fréchet space theory any further, as the ana-
lytically better behaved Sobolev space structure is more suited to our purposes. In
analogy to the case of the trivial line bundle, in order to define it we need a scalar
product of sections as well as a derivative for sections. For the first we use an auxil-
iary metric m on E as well as a Riemannian metric g on M, and for the second we
use a fixed background connection. We then show that these additional data do not
impact the resulting Banach space structure, at least in the compact and tubular cases.

Definition A.4 (Lp space of sections) Let (E, m) → (M, g) be a metric vector bun-
dle over a Riemannian manifold. The metrics induce a scalar product on Γ(E), which
for sections s, t ∈ Γ(E) is given by:

〈〈s, t〉〉 =
∫

M,g
〈s(x), t(x)〉Ex .
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A. Analysis

The Lp-norm of a section s ∈ Γ(E) is then defined by:

‖s‖p = 〈〈s, s〉〉p/2.

We define the space of Lp-sections of E as the closure of the compactly supported
sections w.r.t. the Lp-norm:

Lp(E) = ‖·‖p − clos Γc(E).

Proposition A.5 Let M be a compact base manifold or a tube N ×R with a product
metric G2 = g2 + dt2. Then the definition of Lp(E) is independent of the choices of
m and g.

Proof We will prove the compact case first. First, the choice of Riemannian metric
does not matter, for if g′ is a different metric, and since on finite-dimensional vector
spaces all inner products are equivalent, there is a continuous function C : M → R>0
such that 1

C(x)gx ≤ g′x ≤ C(x)gx as bilinear forms. Now by compactness, C has a

maximum Cmax, for which 1
Cmax

gx ≤ g′x ≤ Cmaxgx holds for all x ∈ M. We thus get
for f ∈ C∞(M):

(Cmax)
−n/2

∫
M,g

f ≤
∫

M,g′
f ≤ (Cmax)

n/2
∫

M,g′
f

and thus that the two norms induced by these different metrics are equivalent. Essen-
tially the same argument gives independence of m.

Now in the tubular case, M is no longer compact, however still have 1
C(x)gx,t ≤ g′x,t ≤

C(x)gx,t, owing to the fact that on the R-factor both metrics agree. So the same
argument by compactness goes through. Noting the same for m yields independence
of all additional data. �

We have now shown that Lp(E) is independent of the metrics on E and T M in the
compact case and in the case of tubes with given metric on the R-factor. In the
general paracompact case however, this is not necessarily the case anymore, as for
instance one can imagine two Riemannian structures on M, one with finite volume
and the other with infinite volume. If the bundle is trivial, then a non-zero constant
section will be in the first Lp-space, but not in the second. Since for a general vector
bundle, some sections are non-zero on an open-dense subset by transversality theory,
similar examples can be constructed in the non-trivial case.

Next, we will introduce the higher Sobolev norms on vector bundles in analogy to
the trivial line bundle on Dn. Recall that for f ∈ C∞(Dn) these are given by:

‖ f ‖k,p =
∑
|J|≤k

‖∂xJ f ‖p.
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A.1. Sobolev spaces of sections

In order to generalize we introduce as additional data a background connection ∇ ∈
C (E) as well as its higher covariant derivatives acting on s ∈ Γ(E) as:

∇2(s) = (∇LC ⊗∇)(∇s)

∇3(s) = (∇2
LC ⊗∇)(∇

2s)

. . .

∇k+1(s) = (∇k
LC ⊗∇)(∇

ks).

Here ∇LC is the Levi-Civita connection on (M, g), meaning that the higher covariant
derivatives are maps ∇k : Γ(E) → Γ(

⊗k T ∗M ⊗ E). We can then define the higher
Sobolev norms as:

‖s‖k,p =
∑
j≤k

‖∇ js‖p,

Where the Lp norms are the ones on
⊗k T ∗M ⊗ E. The term ‖∇ js‖p should be un-

derstood as the generalisation of
∑
|J|= j‖∂xJ f ‖p, and indeed if we choose the trivial

connection as the background connection, both are equal. This leads us to the defini-
tion of general Sobolev spaces on manifolds.

Definition A.6 (Sobolev space of sections) Let k ∈N, 1 ≤ p < ∞. Then:

Wk,p(E) = ‖·‖k,p − clos Γc(E)

As before it can be shown that in the tubular case this definition is not dependent
on the metrics on both M and E, and in addition to that it is also independent of the
background connection chosen. The latter fact follows from the affine structure of the
space of connections. Let ∇1,∇2 ∈ C (E) be two connections. Then ∇2 − ∇1 = A ∈
Γ(End(E)) and so ‖∇2s‖p ≤ ‖∇1s‖p +C‖s‖p, where C > 0 is a constant depending
on A. Here is it important that M be tubular, since otherwise a global constant C does
not necessarily exist. Since similar estimates hold for higher covariant derivatives as
well as when the two connections are interchanged, the Banach space structures w.r.t.
these connections agree.

Let us now give a few examples of Sobolev spaces that we will need:

Example A.7 • Consider the space of l-forms on M, i.e. sections of ΛlT ∗M. We
will denote Sobolev spaces of l-forms by:

Wk,p(Ωl(M)) = Wk,p(ΛlT ∗M).

Similarly we will write the Sobolev space of l-forms with coefficients in a bun-
dle E as:

Wk,p(Ωl(M, E)) = Wk,p(ΛlT ∗M ⊗ E).
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• We can give the space of connections on a principal bundle P a Sobolev struc-
ture by defining:

C k,p(P) := $0 + Wk,p(Ω1(M, ad P)).

Here $0 is a smooth reference connection, whose choice is irrelevant for the
definition if the base manifold is compact. In the non-compact case this is
no longer the case, and the function spaces introduced will only include sec-
tions which satisfy given boundary conditions (see the analytical treatment in
chapter 4).

Note that covariant derivatives on Sobolev spaces behave in very much the same way
as the usual time derivative, seen as an operator d

dt : Wk+1,p(R)→ Wk,p(R).

Proposition A.8 Let E → M be a vector bundle and let ∇ ∈ C (E) be a connection.
Then the exterior covariant derivative d∇ : Ω•(M, E) → Ω•+1(M, E) extends to a
map:

d∇ : W1,p(Ω•(M, E))→ Lp(Ω•+1(M, E)).

Proof Use ∇ as the background reference connection on E, then the result follows
immediately. Since the Sobolev structure is independent of the background connec-
tion, this choice is justified. �

On manifolds, as on Euclidean domains there are different avenues to constructing Lp

and Wk,p-spaces. We have here used the density of test functions in Sobolev spaces
for our definition. But there are different options, which we will now shortly sketch.
On compact manifolds for instance, a Sobolev section can be given in terms of local
Sobolev representatives defined on charts. This is because the only obstruction to
integrability on compact manifolds is the presence of singularities. When we moved
on to higher Sobolev spaces, we could have defined them in terms of distributional
derivatives with respect to some covariant derivative, i.e. as the space of Lp-sections
that have a certain number of covariant derivatives in Lp as well. Both these view-
points are equivalent by the results from Sobolev theory on Euclidean domains. Fi-
nally one can go one step further on manifolds and consider weak derivatives with
respect to first order partial differential operators (to be defined precisely in A.5)
that are not covariant derivatives. Consider for instance the deformation operator
D$ = (−δ$) ⊕ d$ : Ω1(ad P) → Ω0,2+(ad P). There is a so called Weitzenböck
formula relating it to covariant derivatives:

D∗$D$ = ∇∗∇+ R.

In this expression R is a 0-th order operator, i.e. an endomorphism. It is a fact that on
tubular manifolds the operator norm of Rx is uniformly bounded. From this we see
that the W1,2-norm on Ω1(ad P) can equally well be defined with respect to D$ and
provides an equivalent Banach space structure. This has the immediate application:
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Corollary A.9 The operator

D$ : W1,2(Ω1(ad P))→ L2(Ω0,2+(ad P))

is a bounded linear operator.

Proposition A.10 Let $ ∈ C k,p(P) be a Sobolev connection with k > n
p . Then

F$ ∈ Wk−1,p(Ω2(M, ad P)).

Proof Work in local coordinates, where FA = dA + A ∧A. Now the result follows
from A.8 and the Sobolev multiplication theorem (see for instance theorem 4.4.1 in
[5]). �

To conclude this section, let us investigate how the Sobolev and Fréchet structures
interact

Proposition A.11 (Relation between Fréchet and Sobolev structure) Let E → M
be a vector bundle over a compact manifold. The inclusion of Fréchet spaces Γ(E) ↪→
Wk,p(E) is continuous.

Proof For this one needs to show that ‖s‖k,p ≤ C‖s‖i, where i ∈ N is a sufficiently
big semi-norm for the Fréchet space structure and C > 0. Notice that for s ∈ Γ(E)
we have due to compactness:

‖s‖k,p =
∑
j≤k

(∫
M,g
|∇ js|

1
p

)p

≤ C sup
j≤k,x∈N

|∇ js(x)|

And the last expression can be bounded independently of any additional data by
Fréchet semi-norms of high enough order. �

A.2 Sobolev spaces of gauge transforms

The space of gauge transformations G (P) ⊂ Diff(P) is a topological group when
endowed with the compact-open topology. In this section we will give it smooth
structures in the case where the gauge group G is a matrix Lie group, i.e. G ⊂

GL(n, K) with K = R or C. This will be most relevant for our purposes, since
we will be working exclusively with SU(2)−bundles. We essentially follow Morgan
(see [5][4.4]). Recall that G (P) ' Γ(Ad P). There is an embedding of that latter
fibre bundle into a vector bundle:

Ad P = P ×c G ↪→ P ×G Kn×n.

Here G acts on matrices by conjugation, making the inclusion well-defined. Let
k ≥ 0, 1 ≤ p < ∞ such that k > n

p . We then define the space of Sobolev gauge
transormations G k,p(P) as the subset of Wk,p-sections of P×G Kn×n which are also
sections of Ad. Our assumption on k and n guarantees that these sections will all be
continuous.
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Proposition A.12 (Smooth action, lemma 4.4.3 in [5]) Let n, k be such that k+ 1 >
n
p . Then G k+1,p(P) is a Banach Lie group with Lie algebra Γk+1,p(ad P). The group
acts smoothly on the space of Wk,p-connections C k,p(M).

In our treatment in four dimensions we will follow the convention of Morgan (see [5])
work with G (P) = G 3,2(P), C (P) = C 2,2(P) and W1,2(Ω2(M, ad P)), as in this
scenario both the gauge transformations and connections are continuous, the action
is smooth, and we work in the category of Hilbert manifolds.

For our three-manifolds N we will follow the convention of the original paper by
Floer (see [7]) and work with G (Q) = G 2,4(Q), C (Q) = C 1,4(Q) and L4(Ω2(N, ad Q)).
Here again the gauge transformations and connections are continous with smooth ac-
tion.

A.3 Fredholm operators

The space of instantons can be seen as the pre-image of a point under a smooth
map between Banach spaces, namely the self-dual part of the curvature F+ on well-
chosen Sobolev completions of C (P) and Ω2

+(ad P). In the construction of the
Floer homology (and of gauge-theoretic invariants in general), it is important that the
instantons form finite-dimensional smooth manifolds. This means that for $ ∈ C (P)
an instanton, the differential d F+($) needs to be a surjective linear map with finite-
dimensional kernel. In this section we will investigate linear maps which are a slight
generalisation of this concept, the Fredholm operators. More precisely, a bounded
linear operator A : X → Y between Banach spaces is Fredholm if:

• ker A is finite-dimensional.

• coker A := Y/ im A is finite-dimensional.

In other words, while Fredholm operators are not necessarily surjective, they only
miss a finite dimensional portion of their target space. We denote the set of Fredholm
operators between Banach spaces X and Y by Fred(X, Y) ⊂ L (X, Y). Since both
the kernel and the cokernel of a Fredholm operator are finite-dimensional, there is a
well-defined Fredholm index:

ind : Fred(X, Y)→ Z; A 7→ dim ker A − dim coker A

This index can be seen as a measure of non-bijectivity. If it is positive, then the
operator cannot be injective, and if it is negative, the operator cannot be surjective.
And in the case where an operator is surjective, its index is exactly the dimension of
its kernel. Thus if 0 is a regular value of F+, the dimension of the space of instantons
will be given by ind d F+. We now present the most important properties of Fredholm
operators and their index.

Proposition A.13 The set of Fredholm operators Fred(X, Y) ⊂ L (X, Y) is open.
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The index is easier to work with than the dimension of the kernel, because the latter
can jump discontinuously when perturbing an operator. Just consider multiplication
by a scalar λ ∈ R as a map R → R, which has dim ker(·λ) = δλ0, while the index is
always equal to 0. To be precise we have the following results:

Proposition A.14 The index is locally constant, meaning that if {At}t∈[0,1] is a homo-
topy of Fredholm operators through Fredholm operators which is continuous in the
norm topology, then ind A0 = ind A1.

Proposition A.15 Let A ∈ Fred(X, Y) be Fredholm and K ∈ L (X, Y) be compact.
Then A + K is again Fredholm, with the same index.

In fact, for a special class of Fredholm operators, the elliptic partial differential op-
erators on compact manifolds (see section A.5), the index is solely determined by
the topology of the vector bundles and manifolds involved in the form of the Atyiah-
Singer Index Theorm that we will later encounter (see A.24).

We can extend these results about linear maps to general maps and reconnect with the
setting of instantons. We say a C1 map F : M → N between C1-Banach manifolds
is a Fredholm map, if its derivative dFx : TxM → TF(x)N is Fredholm for all
x ∈M .

Since we can trivialize the tangent bundles around neighbourhoods of x ∈ M and
F(x) ∈ N respectively, and the Fredholm index is locally constant, we get a well
defined index of F for each connected component of M . In particular, if M is
connected, then we can associate to F a well-defined index, namely the index of any
one of its linearizations.

In this situation we can then apply the following Banach version of the implicit func-
tion theorem to conclude that the set of instantons is a finite-dimensional smooth
manifold, given its Fredholm property.

Proposition A.16 Let M , N be C1-Banach manifolds with N connected, and let
F : M → N be a Fredholm map. Let q ∈ N be a regular value of F, i.e. for all
p ∈ F−1(q), the linear map dF(p) has a bounded right-inverse. Then F−1(q) ⊂ M
is a finite-dimensional submanifold of dimension ind F.

A.4 Symmetric and self-adjoint operators

Let W and H be two real Hilbert spaces with a compact dense inclusion W ↪→ H.
The spectrum and resolvent set of any operator T : W → H is thus a subset of the real
line by definition. Operators T : W → H can then be interpreted either as bounded
operators from W to H or as unbounded operators on H.

Definition A.17 An unbounded operator T : W ⊂ H → H between Hilbert spaces
is symmetric, if for all x, y ∈ W we have 〈T x, y〉 = 〈x, Ty〉. It is self-adjoint if
furthermore the domains of T and its adjoint T ∗ coincide.
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Proposition A.18 (5.12 in [14]) Let T be an unbounded self-adjoint operator T :
W → H. Then the following are equivalent:

• There is an orthonormal basis of eigenvectors for T .

• The spectrum of A is discrete.

• The resolvent of A is compact for some and hence for all λ ∈ σ(T ).

• The inclusion (W, ‖·‖T ) ↪→ H is compact, where ‖·‖T is the graph norm.

Notice that self-adjoint operators with discrete spectrum thus only exist on seperable
Hilbert spaces. Also, we have the following criterion of self-adjointness for a closed
symmetric operator:

Proposition A.19 Let A ∈ Lsym(W, H) have non-empty resolvent set ρ(A), i.e. there
is a real λ ∈ R such that A − λ : W → H is bijective. Then A is self-adjoint.

Proof Let λ ∈ ρ(A) as above. Since A is symmetric, its adjoint A∗ is an extension of
A. Consider an element of the domain of this adjoint ξ ∈ D(A∗) ⊂ H, which means
ξ ∈ H such that v 7→ 〈Av, ξ〉 is a continuous functional. We need to show that ξ ∈ W.
Notice that (A∗ − λ)ξ ∈ H, so by surjectivity of A − λ there is η ∈ W with:

(A − λ)η = (A∗ − λ)ξ

This then implies for every v ∈ W:

〈(A − λ)v, ξ〉 =〈v, (A∗ − λ)ξ〉

=〈v, (A − λ)η〉

=〈(A∗ − λ)v, η〉

=〈(A − λ)v, η〉 �

where the last line is due to the symmetry of A. Since im(A− λ) = H by assumption,
we must have ξ = η ∈ W, thus A is self-adjoint.

Proposition A.20 Let the inclusion W → H be compact. The set of self-adjoint
operators S (W, H) ⊂ Lsym(W, H) is open.

Proof Let A ∈ S (W, H). Then by theorem A.18 there must be some λ ∈ ρ(A),
such that A − λ ∈ L (W, H) is an invertible operator. But being invertible is an
open condition, hence a neighborhood of A ∈ Lsym(W, H) consists only of invertible
operators, i.e. in an open neighborhood of A every operator has non-empty resolvent
set. Thus by the previous lemma this neighborhood consists solely of self-adjoint
operators. �
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A.5 Elliptic operators on manifolds

Let En, Fm be two K-vector bundles (with K = R or C) over the same base manifold
Mp. A partial differential operator between E and F of order k is an R-linear map
D : Γ(E)→ Γ(F) which in local coordinates is of the form:

(Ds)α(x) =
∑
|I|≤k

Φα
I (x)

∂sα
∂xI (x).

Here Φα
I : Uα → hom(Kn, Km) are homomorphisms of the trivialized bundles.

We do not require the Φα
I to be the same for every choice of local coordinates, in

fact in general they will depend on the trivialization chosen. However notice that
if we choose different trivializations on E and F such that (Ds)β = gF

αβ(Ds)α and
sβ = gE

αβsα we can compute:

gF
αβ(Ds)α(x) = (Ds)β(x) =

∑
|I|≤k

Φβ
I (x)

∂sβ
∂xI (x)

=
∑
|I|≤k

Φβ
I (x)

∂

∂xI (g
E
αβsα)(x)

=
∑
|I|=k

Φβ
I (x)gE

αβ(x)
∂sα
∂xI (x) + (lower order terms)

and hence gF
αβΦα

I = Φβ
I gE
αβ for |I| = k, meaning that the highest-order terms fit

together to form a bundle map ΦI ∈ hom(E, F). Furthermore, let dxi be the local
trivialization of T ∗M corresponding to the coordinates xi. Consider the following
local sections:

(σD)α : Uα × S k(T ∗Uα)→ Uα × hom(E|Uα , F|Uα)

(x, dxJ) 7→
∑
|I|=k

Φα
I (x)[I and J agree as unordered tuples]

Here S k(T ∗Uα) is the symmetric tensor product of k copies of T ∗Uα, the notation
dxJ for a multi-index J = (J1, . . . , Jk) denotes dxJ1 ⊗ · · · ⊗ dxJk and the formula [P]
for a proposition P evaluates to 1 if the proposition is true, and 0 otherwise. It can be
checked that (σD)α transform as tensors, and so fit together to give a homomorphism:
σD : S k(T ∗M) → hom(E, F), which is called the principal symbol of D. Note
that a homomorphism S k(T ∗M) → Hom(E, F) can also be seen as a homogeneous
polynomial map of degree k, by precomposing with:

T ∗M → S k(T ∗M); ξ → ξ ⊗ · · · ⊗ ξ.

One can determine to the homomorphism from the homogeneous polynomial map by
a procedure called polarisation, which extends the duality between quadratic forms
an symmetric bilinear maps on vector spaces (see lecture 37 of [4]). The principal
symbol has a few key properties:
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Proposition A.21 Let P : Γ(E) → Γ(F) and Q : Γ(F) → Γ(G) be partial differen-
tial operators. Then:

• σQ◦P(ξ) = σQ(ξ)σP(ξ) for ξ ∈ T ∗M in the non-polarised form.

• If P has an adjoint P∗ : Γ(F)→ Γ(E), then σP∗ = σ∗P

Relevant for us are the elliptic operators, that is operators D : Γ(E) → Γ(F) such
that for every ξ ∈ T ∗M the map σ(D)(ξ⊗ · · · ⊗ ξ) : Ex → Fx is a linear isomorphism.
Examples include the second-order Laplacian ∆ on Rn, which has symbol σ∆(ξ) =
‖ξ‖2 id, as well as the first-order Dirac operator D = d

dt + λ on S 1 with symbol
σD(ξ) = ‖ξ‖ id. For such operators a number of important properties hold.

Theorem A.22 (Fredholm property, [15] Thm. 4.8) Every elliptic operator on a
compact manifold is Fredholm.

Note that this is in general not the case on non-compact manifolds. As an example,
d
dt is elliptic on R, but not Fredholm. To see this we just note that its image is not
closed. Indeed consider f ∈ C∞c (R) ⊂ L2(R) with I =

∫
R

f dx , 0. Since every
element h = dg

dt ∈ im d
dt must satisfy:

∫
R

hdx =
∫

d
dt gdx = 0, f is not in the image

of d
dt . However consider fn = f − I

nχ(0,n), which have integral 0, and so are in the
image of d

dt . They furthermore satisfy ‖ f − fn‖ → 0. Thus the image is not closed.

Furthermore, elliptic operators enjoy two further important properties, regarding the
regularity of their kernel, and the dimension of that kernel.

Theorem A.23 (Elliptic regularity, [15] Thm. 4.9) Every weak solution of an el-
liptic differential equation on a compact manifold is a strong solution, and in fact
smooth.

Theorem A.24 (Atiyah-Singer Index theorem, 3.7.1 in [16]) The index of an ellip-
tic differential operator on a compact manifold can be computed as the integral of a
characteristic class. This characteristic class only depends on the symbol.

A.6 Spectral flow

We have seen that the dimension of the moduli space of instantons on an adapted
bundle can be computed in terms of the Fredholm index of the deformation operator
D$ : Ω1(M, ad P) → Ω0(M, ad P) ⊕Ω2

+(M, ad P). In this general case, computa-
tions usually involve an index theorem, such as the Atyiah-Singer index theorem, and
proceeds by cutting and gluing. However in the case of a tube R × N, a different ap-
proach is possible, based on the interpretation of instantons as gradient flow lines of
the Chern-Simons functional. In this case, the deformation operator can equivalently
seen as a Fredholm operator

D$ : W1,2(R, H) ∩ L2(R, W)→ L2(R, H), ξ 7→
d
dt
ξ+ Lω(t)ξ
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where W = W1,2(Ω0,1(N, ad Q)) and H = L2(Ω0,1(N, ad Q)), with W ↪→ H being
a compact inclusion of Hilbert spaces, and Lω(t) : W → H is a smooth family of self-
adjoint elliptic operators on the compact manifold N. In this setting the Fredholm
index of D$ can be determined geometrically from the evolution of the spectrum of
Lω(t) via the so called spectral flow of a family of self-adjoint operators.

Assume more generally that W and H be two real, separable Hilbert spaces with
a compact inclusion W ↪→ H. Consider a C1-family A : R → S (W, H) which
converges at infinity to A± ∈ GL(W, H) (in the norm topology). Under suitable
conditions on A the spectra of these operators

S =
{
(t, λ), λ ∈ σ(A(t))

}
⊂ R2

are the image of graphs of countably many C1 functions. When such a graph inter-
sects with the x-axis lx at time t0 ∈ R, we call t0 a crossing. More abstractly, a
crossing is a time t0 ∈ R such that the operator A(t0) has non-trivial kernel and thus
is not bijective. The set of all crossings of a family A we denote by cross(A). In
a sufficiently generic situation, all intersections of S with lx will be transversal, and
we can thus compute the intersection number sf(A) := S · ls, which is the spectral
flow of the family of operators A. Less formally, each time an eigenvalue crosses the
x-axis upwards we count it as a +1, and each time an eigenvalue crosses downwards
we count it as a −1. We will give the proper definition a bit later, but let us for now
look at a few examples.

Example A.25 Consider W = H = R and let A(t)[v] = arctan(t)v. The spectrum
of A(t) is exactly {arctan(t)}, which increases from −π2 to π

2 and crosses the x-axis
exactly once, at t = 0. We have arctan′(0) = 1 > 0, so the spectral flow of A as
described above is +1.

-3 -2 -1 1 2 30

-3

-2
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1

2

Figure A.1: Finite-dimensional spectral flow

85



A. Analysis

Example A.26 Consider W = W1,2(S 1, C) and H = L2(S 1, C). Let A(t) =
−i d

ds + λ(t) id with λ : R→ R a smooth function that converges at ±∞ to λ(±∞) =
± 3

2 . The spectrum of A(t) is given by Z + λ(t), where the (n + λ(t))-eigenspace is
spanned by eins. It can be checked that no matter the actual function λ, the spectral
flow is given by 3, with crossings exactly when λ(t) ∈ Z. This already indicates a
certain invariance of the spectral flow under continuous change of the family while
keeping the limit operators fixed.
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Figure A.2: Spectrum of A(t) on S 1, with λ(t) = 3
π arctan(2t).

In both of these examples it can be checked manually that the operator

DA : W1,2(R, H) ∩ L2(R, W)→ L2(R, H); Du(t) =
d
dt

u(t) − A(t)u(t)

is injective and has a co-kernel of dimension sf(A), meaning that ind DA = − sf(A).
The motivation for this correspondence between spectral flow and index comes from
finite-dimensional Morse theory, wherein W = H = Rn, and ind DA is the dimen-
sional of the moduli space of gradient flow lines between two critical points. In this
case the requirements on A can be reformulated in saying that A(t) be a symmet-
ric matrix with A(±∞) having no zero eigenvalues. The index of the deformation
operator is then given explicitly by the following result.

Proposition A.27 Let W = H = Rn and consider A ∈ A (R, Rn, Rn). Then:

ind DA = µ(A(+∞)) − µ(A(−∞)),

where µ : Lsym(Rn, Rn) → Z is the Morse index of a matrix and counts its number
of negative eigenvalues.

Hence in this situation the index of DA is precisely the change in the number of
negative eigenvalues of the boundary operators. In the general setting of abstract
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self-adjoint operators on Hilbert spaces however, there might be an infinite number
of negative and positive eigenvalues, making this definition of a naive index diffi-
cult. The spectral flow can thus be seen as a relative index. In a second step one
can then hope to define an ad-hoc index using specific properties of the situation at
hand, which for instance will lead us to a Z8-valued index for SU(2)-instanton Floer
homology.

We will now give the formal description of the spectral flow, following mainly [17].
Let C = Ū ⊂ R̄ = R ∪ {±∞} be the closure of an open set. Denote by A =
A (U) = A (U, W, H) the set of continuous maps A : U → S (W, H) such that
A(t) is invertible for each t ∈ ∂U. For instance if U = (−∞, 0) this implies that
A(0) as well as A(−∞) are invertible. Denote by A 1(U, W, H) the subset of C1-
curves, with the additional property that Ȧ(t) = 0 for t ∈ ∂U. This allows to extends
an element A ∈ A 1((a, b), W, H) to a C1 curve on all of R by setting:

Ã(t) =


A(a), t ≤ a
A(t), a < t < b
A(b), b ≤ t

With the notation set, we now give an axiomatic characterisation of the spectral flow,
which we will afterwards see is satisfied by our intuitive definition via intersection
numbers as well as by the Fredholm index of the associated operator DA.

Theorem A.28 (Spectral flow) For every compact inclusion W → H of separable
Hilbert spaces, there exists a unique map sf : A (R, W, H) → Z, such that the
following axioms hold:

• (Homotopy) The integer sf is constant on connected components of A (R, W, H).

• (Constant) If A is a constant path then sf(A) = 0.

• (Direct sum) For two paths Ai ∈ A (R, Wi, Hi) there holds sf(A1 ⊕ A2) =
sf(A1) + sf(A2)

• (Normalization) If W = H = R and A(t) = arctan(t) then sf(A) = 1.

Remark A.29 The first axiom is to be understood as stating that the spectral flow is
invariant under homotopy of the family A if the limit operators A(±∞) stay bijective
along the whole homotopy.

Remark A.30 In order to define a candidate for the spectral flow sf : A (R, W, H)→
Z, it is sufficient to define it on the subset A 1(R, W, H) and require it to be invariant
along smooth homotopies that keep the limit operators non-singular. First, because
A 1 ⊂ A is dense we can extend the definition of sf to continuous maps. This is
well-defined, as any two C1-curves that are close enough together can be shown
to be smoothly homotopic and thus have the same spectral flow. For this note that
S (W, H) ⊂ Lsym(W, H) is open dense and that GL(W, H) is open. Finally, a

87



A. Analysis

similar argument leads to the conclusion that continuous homotopies can be approxi-
mated by smooth homotopies as well, yielding a continuous map sf : A (R, W, H)→
Z.

As the spectral flow is uniquely determined, providing two expressions that satisfy
all the axioms has the immediate corollary that the two expressions must agree. First
we express the spectral flow of A via the Fredholm index of DA.

Let thus A ∈ A 1(Ī, W, H) be a differentiable curve of self-adjoint operators, and
consider the following Sobolev spaces on the interval I:

H (I) = L2(I, H)

W (I) = L2(I, W) ∩W1,2(I, H)

In other words, H (I) consists of all measurable maps u : I → H such that

‖u‖2H =

∫
I
‖u(t)‖2Hdt < +∞,

and H (I) consists of all absolutely continuous maps u :→ H such that:

‖u‖2W =

∫
I

(
‖u(t)‖2W + ‖u̇(t)‖2H

)
dt < +∞

We stress the fact that the weak derivative is taken with respect to the inner product
〈·, ·〉H . Even though u takes values in W (and thus u̇(t) ∈ W a.e.) the derivative is not
necessarily in L2(I, W). Define then the operator:

DA : W (I)→H (I), DAu(t) :=
d
dt

u(t) − A(t)u(t)

This is the general form of the tubular deformation operator.

Proposition A.31 (3.12 in [17]) If A ∈ A 1(R, W, H), then DA is a Fredholm opera-
tor.

Here it is important that the limit operators are invertible, and that for |T | >> 0, the
family approaches the limit operators arbitrarily well. In fact the proof that DA has
closed range relies on showing that ‖u‖W ≤ c (‖DAu‖H + ‖Ku‖X), for K : H → X
a compact operator. In the case of a Fredholm theory over compact manifolds, these
K and X given by the Rellich compactness lemma for the inclusion ι : W → H .
However on the non-compact domain R, we need to replace H by the truncated
H (T ) to assure compactness, and K becomes the restriction W → H (T ). If we
want to prove the above inequality, it needs to hold in particular for elements u ∈
ker DA, i.e. they need to satisfy the bound ‖u‖W ≤ c‖u‖H (T ) for a fixed constant
c > 0. This can only happen if the solutions decay sufficiently fast, and if for big |T |
the solution are close to solutions of d

dt u = A(±∞)u, they will have decay of order
O(e−|λ|t), where |λ| is the smallest absolute value of an eigenvalue of A(±∞). So if
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A(±∞) are invertible, the decay will be exponential, which is fast enough. Although
this heuristic argument is by no means a proof, it motivates why invertibility at the
boundary is so important. The full proof can be found on page 9 of the paper by
Robbin and Salamon [17].

Proposition A.32 For A ∈ A 1(R, W, H), we have that the assignment

sf1(A) = − ind DA

is a spectral flow.

Proof We check the axioms for C1 curves and C1 homotopies by remark A.30. If
the curve A ∈ A 1 is continuously perturbed, then the corresponding operator DA

varies continuously through Fredholm operators. Since the index is locally constant
by proposition A.14, the homotopy axiom is satisfied. The constant axiom can be
verified manually using an eigen-decomposition {ϕλ}λ∈σ(A(0)) for A(0). If a potential
element of the kernel u has a component of the form u(0) = cϕλ + (. . . ) with λ > 0,
then it must blow up as t → +∞, thus it is not in W1,2. The same reasoning precludes
it from having negative eigenfunctions as components. Since by assumption 0 <

σ(A(0)) this means that u(0) = 0, thus by the uniqueness of solutions to Lipschitz
ODEs u = 0. A similar argument applies to the co-kernel (which is the kernel of the
adjoint operator −D−A). The direct sum axiom is again clear, since the kernel of the
sum is exactly the direct sum of the kernels, and the same for co-kernels. Finally, the
normalization axiom follows from the motivational result in Morse theory A.27, or
can be computed by hand. �

Next, we present a different variant of the spectral flow computed in terms of intersec-
tion numbers. Let A ∈ A 1(U, W, H) be a family of operators and consider a crossing
t ∈ cross(A). We define the crossing operator Γ(A, t) as:

Γ(A, t) : ker A(t)→ ker A(t); Γ(A, t)v = PȦ(t),

where P : H → ker A(t) denotes the orthogonal projection (using the Hilbert struc-
ture on H). From this operator we can extract whether or not a crossing is positive,
negative or if it cannot be assigned a proper local index. We say that a crossing is sim-
ple if ker A(t) is one-dimensional, which means that there is exactly one eigenvalue
λ(t) crossing the x-axis at the time t. A crossing is non-degenerate if the crossing
operator Γ(A, t) is invertible, meaning that every crossing eigenvalue crosses transver-
sally. This can be seen from Kato’s selection theorem (4.28 in [17]) it is possible to
pick out individual eigenvalues of a family of self-adjoint operators, and in particular
for a simple crossing t this implies that there is a C1-function λ : (t − ε, t + ε) → R

that gives exactly the eigenvalue that crosses. Non-degeneracy means in this case
that Γ(A, t) = λ̇(t) , 0, so that the crossing is transverse, and has a well-defined
sign attached to it, sgn(Γ(A, t)). For a general non-degenerate crossing the number
of eigenvalues crossing up minus the number of eigenvalues crossing down is given
by the signature sig(Γ(A, t)) of the crossing operator (see 4.27 in [17]). From this
we can define the spectral flow more geometrically:
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Proposition A.33 (4.27 in [17] ) For generic A ∈ A 1(R, W, H), which only has
non-degenerate simple crossings, we have that

sf2(A) =
∑

t∈cross(A)

sgn Γ(A, t)

satisfies the axiom of a spectral flow. On A with non-degenerate (but potentially
non-simple) crossings , this spectral flow is given by:

sf2(A) =
∑

t∈cross(A)

sig Γ(A, t)

This leads us now finally to the computational tool for the Fredholm index of an
operator on the tube:

Corollary A.34 (Spectral flow = -Fredholm index) For A ∈ A 1(R, W, H) with
only simple crossings we have:

ind DA = −
∑

t∈cross(A)

sgn Γ(A, t)

A.6.1 Spectral flow on half-lines

So far we have worked with operators DA defined on the entire real line. However
sometimes it is also useful to work on two half-lines separately. For simplicity we
restrict to the negative half-line, but as we will see in the next section, the results
below can be equally well obtained for the positive half-line or even intervals.

We continue to work with a compact dense embedding W ↪→ H of separable Hilbert
spaces. For A ∈ S (W, H) denote by:

P+
A : H → Eig+A

the orthogonal projection onto the closure of the eigenspaces of A corresponding to
strictly positive eigenvalues. Denote by R− := (−∞, 0] the negative half-line and let
R̄− := R− ∪ {−∞}. We introduce the shorthand A− := A (R−), W − := W (R−)
and H − := H (R−). Let now A ∈ A− be a family of operators on the negative
half-line. We extend the operator DA to build boundary conditions into it:

FA : W − →H − ⊕ Eig+
A(0)

, FAu :=
(
DAu, P+

A(0)
u(0)

)
Note that u(0) ∈ H is well-defined, as the trace map W1,2(R−, H) → L2(∂R−, H) '
H is a bounded operator. Given a curve A ∈ A 1

− it is convenient to extend it to
Ã ∈ A 1 by setting Ã(t) = A(0) for t > 0.

Proposition A.35 Let A ∈ A 1
− . Then FA is Fredholm and

ind FA = − sf(Ã) (A.1)
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The method of proof of this result will be to construct explicit isomorphisms:

ker FA ' ker DÃ and coker FA ' coker DÃ

and then conclude by invoking the results from [17]. Before we jump into the proof
however, let us first determine the adjoint of FA, seen as an unbounded operator
FA : H − →H − ⊕ Eig+

A(0)
.

Lemma A.36 The L2-adjoint of FA as an unbounded operator is given by:

F∗A : D(F∗A) ⊂H − ⊕ Eig+
A(0)
→H −, (u, h) 7→ −D−Au

Here D(F∗A) =
{
( f , h) ∈H − ⊕ Eig+

A(0)
: f ∈ W − and f (0) = −h

}
.

Proof It is clear that the proposed operator is a well-defined operator with domain
containing D(F∗A). We first verify the adjointness, and afterwards we show that the
domain is in fact maximal. Consider ( f , h) ∈ D(F∗A) and u ∈ W −. Then:

〈FAu, ( f , h)〉H ⊕H = 〈DAu, f 〉H + 〈P+
A(0)

u(0), h〉H

= 〈u,−D−A f 〉H + 〈u(0), f (0) + h〉H
= 〈u,−D−A f 〉H

Notice that it is important here that f be of class W1,2, so that we can take its trace.
This proves the claim of adjointness to FA. It is left to prove that the domain cannot
be augmented. A pair ( f , h) ∈H − ⊕Eig+

A(0)
is in the domain of F∗A if the functional:

〈FA(·), ( f , v)〉H ⊕H : C∞c (R−, W)→ R

extends to a continuous functional on H − ⊕ Eig+
A(0)

. Suppose first that f ∈ H − \

W −. Then by definition the assignment ϕ 7→ 〈ϕ̇, f 〉H cannot be bounded on H . In
particular we can choose a sequence of test functions ϕk which satisfy ϕk(0) = 0 and
have bounded L2-norm, so that we can write:

〈FAϕk, ( f , v)〉H ⊕H = 〈ϕ̇k, f 〉H + 〈ϕk,−A f 〉H + 〈P+
A(0)

ϕk(0), h〉H

= 〈ϕ̇k, f 〉H + O(‖ϕk‖H )

It is then clear that the whole functional is also unbounded on H . So we have shown
that f ∈ W −. Now onto the boundary condition. By the above computation:

〈FA(·), ( f , v)〉H ⊕H = 〈·,−D−A f 〉H + 〈tr(·), f (0) + h〉H .

Here tr : W1,2(I) → L2(∂I) denotes the trace operator. Consider ϕk ∈ C∞(R−, W)
which are supported in [− 1

k , 0], strictly increasing and with ϕk(0) = f (0) + h. Then
limk→∞〈FAϕk, ( f , v)〉H ⊕H = ‖ f (0) + h‖2H , however limk→∞‖u‖2H = 0. Thus the
functional can only be continuous if f (0) = −h, and we have already checked that
in this case it indeed is. �
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Proof (of A.35) We will show that ker FA ' ker DÃ and coker FA ' coker DÃ, from
which the Fredholm property for FA and the identity ind FA = ind DÃ follow read-
ily. Using the result A.32 above we then see that indeed ind FA is computed by the
spectral flow of Ã.

The kernel: Consider an element u ∈ ker DÃ. It satisfies the differential equation
d
dt u(t) = Ã(t)u(t), which on R− simply means that d

dt u(t) = A(t)u(t), and on R+

translates to d
dt u(t) = A(0)u(t). Suppose we have an eigen-decomposition u(0) =∑

λ∈Λ ϕλ, where A(0)ϕλ = λϕλ. Then the evolution equation has a solution for all
positive times exactly when Λ ∩R+ is finite, and the solution is in W exactly when
Λ ∩R+ = ∅. This is because the solution is given explicitly as:

u(t) =
∑
λ∈Λ

eλtϕλ

If Λ∩R+ was infinite, then it is unbounded (by discreteness), and the arbitrary high
λ that appear make it unsummable for t > 0. If it contains at least one positive λ
(which is non-zero since A(0) is invertible), then the solution blows up exponentially
as t → +∞. However if only negative eigenvalues appear in the decomposition,
then the solution decays sufficiently fast to be in W . Thus if u ∈ ker DÃ, then u|R−
is also in the kernel of DA, and P+

A(0)
u(0) = 0, since as we have seen above the

eigen-decomposition of u(0) can only contain negative eigenvalues. Similarly, every
v ∈ ker DA such that P+

A(0)
v(0) = 0 can be extended to a solution on all of R. Thus

the two kernels agree.

The cokernel:

According to proposition 1.6 in [14] we have that coker FA ' (im FA)⊥ = ker F∗A.
Thus we need to investigate the kernel of the adjoint operator. In fact we will apply
the same argument as above to prove that ker F∗A ' ker D−Ã. Since −D−Ã is the
adjoint of DÃ we thus arrive at coker FA ' ker F∗A ' ker D∗A ' coker DA.

By assumption, an element ( f ,− f (0)) ∈ ker F∗A solves the equation D−A f = 0 on
the negative half-line. Since f (0) ∈ Eig+

A(0)
= Eig−

−A(0) we can extend f uniquely

to a bounded solution f̃ ∈ ker D−Ã. Here it is important that f (0) is in the negative
eigenspace of −A(0), so that the solution stays bounded as t → +∞. Conversely,
a bounded solution f̃ ∈ ker D−Ã restricts to an element f ∈ ker D−A with boundary
data f (0) ∈ Eig+

A(0)
, and gives a unique element ( f ,− f (0)) ∈ (im FA)⊥. Thus

ker F∗A ' ker D−Ã, which concludes the proof. �

A.6.2 Spectral flow on general intervals

As a further generalisation, we propose to investigate the spectral flow on arbitrary
intervals. Let I = [a, b], I = (−∞, b], I = [a,∞), or I = R be an interval. For
I = R or I = R− we will recover the theory from above. Let A ∈ A (I) be a
continuous family of operators. Note that by definition of A (I) one can extend A
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to a continuous family Ã on all of R̄ with invertible limit operator A(±∞). Recall
that the operator DA : W (I) → H (I) is a well-defined differential operator, which
however does not take care of boundary conditions. In the case I = R this was of
no importance, as any function of interest decays rapidly enough at infinity for it not
to matter. In the case I = R− of the previous section we introduced the operator FA

to assure that elements of its kernel could be extended onto the positive real half line.
For an interval I = [a, b] of finite length we introduce a further boundary condition
as follows:

FA : W (I)→ Eig−A(a) ⊕H (I) ⊕ Eig+
A(b)

, FAu =
(
P−A(a)u(a), DAu, P+

A(b)
u(b)

)
The operators FA for semi-infinite intervals are to be defined similarly, with however
just a single boundary condition, and the operator FA for I = R will be simply DA.
Similarly to the previous section one can prove that:

Proposition A.37 Let A ∈ A 1(I), with I an interval. Then FA is Fredholm and

ind FA = − sf(Ã)

Proof The proof of lemma A.36 can be adapted to show that F∗A is defined on:

D(F∗A) =
{
(v, f , u) ∈ Eig−A(a) ⊕H (I) ⊕ Eig+

A(b)
: f ∈ W (I), f (a) = −u, f (b) = v

}
.

Again, self-adjointness is clear, since the domain was chosen so that boundary terms
cancel out, and maximality of the domain can be seen through a family of test func-
tions that vanish at both ends. After that the proof of A.35 goes through in the same
way. �

In addition to the structure from before, we can now introduce an additional con-
catenation operation. For two closed intervals I1, I2 ⊂ R, we introduce the notation
I = I1]I2 to mean that I1 and I2 have exactly one point in common and I = I1 ∪ I2.
In such a situation, we can concatenate two families Ai ∈ A (Ai) which agree at the
unique intersection point of I1∩ I2 to produce A1]A2 ∈ A (I). We can then generalize
the axioms from A.28 as follows:

Theorem A.38 For every compact inclusion W → H of separable Hilbert spaces
and closed interval I ⊂ R̄, there exists a unique map sfI : A (I, W, H) → Z, such
that the following axioms hold:

• (Homotopy) The map sfI is continuous.

• (Constant) If A is a constant path then sfI(A) = 0.

• (Direct sum) For two paths Ai ∈ A (I, Wi, Hi) there holds

sfI(A1 ⊕ A2) = sfI(A1) + sfI(A2).
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• (Extension) Let I ⊂ R with A ∈ A (I) admitting an extension Ã ∈ A (R).
Then:

sfI(A) = sfR(Ã)

• (Normalization) If W = H = R and A(t) = arctan(t) then sfR(A) = 1.

Proof First, uniqueness. Using the homotopy, constant, direct sum and normaliza-
tion axiom for I = R it is clear by the previous result A.28 that sfR is well-defined
and unique. Suppose now that I = [a, b] is a finite-length interval. Let A ∈ A (I) be
a family of operators with extension Ã ∈ A (R). Then by the extension axiom we
have that:

sfI(A) = sfR(Ã),

and thus the spectral flow is also uniquely determined on finite length sub-intervals.
The proof for semi-infinite sub-intervals is essentially the same.

Next, existence. It can be checked that the spectral flow of a C1-family defined via
intersection numbers satisfies these modified axioms, since extension is trivially satis-
fied, since the limit operators are invertible by assumption, which precludes crossings
at the limit operators. �

Notice that in the proof of uniqueness we only required the homotopy, constant, direct
sum and normalisation axioms to hold for the case I = R. This in particular means
that if we have a different candidate for spectral flow, then we only need to verify
these axioms, as the other ones follow automatically from the existence of one single
model for the axioms. As an immediate application we see that the spectral flow via
Fredholm index is also a model for these new axioms by proposition A.37. Thus we
have proven:

Theorem A.39 For A ∈ A 1(I, W, H) with only simple crossings we have:

ind FA = −
∑

t∈cross(A)

sgn Γ(A, t)

We conclude this section by proving a concatenation result for ind A using the spectral
flow via intersection numbers.

Proposition A.40 For I = I1]I2, Ai ∈ A (Ii, W, H) and A = A1]A2 we have

sfI(A) = sfI1(A1) + sfI2(A2).
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Proof Perturb the curve A to a curve Ā ∈ A 1(I) which only has simple crossings,
while keeping the boundary operators non-singular. Then:

sfI(A) = sfI(Ā) = −
∑

t∈cross(Ā)

sgn Γ(Ā, t)

= −
∑

t∈cross(Ā1)

sgn Γ(Ā1, t) −
∑

t∈cross(Ā2)

sgn Γ(Ā2, t)

= sfI1(Ā1) + sfI2(Ā2)

= sfI1(A1) + sfI2(A2). �

Corollary A.41 For I = I1]I2, Ai ∈ A (Ii, W, H) and A = A1]A2 we have

ind FA = ind FA1 + ind FA2 .

Hence the indices of compatible operators are related, however note that the same is
not true for the kernel and the cokernel seperately. In fact there cannot be a simple for-
mula relating the kernel of the concatenated operator to the kernels of its constituting
parts. Consider for instance W = H = R and an operator with A(t) = 1 for |t| ≥ 1,
but A(0) < 0. Then dim ker FA− = 1, dim ker FA+ = 0 and dim ker FA = 0. How-
ever for A(t) = − arctan(t + 5), we have the same dimensions for the constituent
parts, but dim ker FA = 1.

A.6.3 Spectral flow with degenerate ends

So far we where concerned with the case where the A ∈ A (U) was invertible at every
boundary point t ∈ ∂U. This was to ensure that the operator FA is Fredholm (for in-
stance d

dt : W1,2(R) → L2(R), which corresponds to W = H = R and A = 0 is not
Fredholm) and that there is well-defined sign for each crossing (the spectral flow is
invariant under perturbation, but an arbitrarily small perturbation over a degenerate
end can create either additional positive or negative crossings, making the spectral
flow ill-defined). However in practice we sometimes do encounter families which
have degenerate ends. For instance, given a reducible connection ω ∈ Crit(CS) (like
a trivial connection), the operator Lω has a kernel. We would still like to associate
a spectral flow to such families. To do this we have to fix a convention of whether
crossings at the boundary should be counted positively or negatively. To this end, fix
any smooth map ψ : [−1, 1] → R with ψ(±1) , 0 which is constant in a neighbour-
hood of {−1, 1}. By translating and scaling ψ we can canonically assign a map with
analogous properties to any finite interval. Similarly, by applying a fixed diffeomor-
phism (−1, 1)→ R(±) we can assign corresponding functions to (semi-) infinite case.
The spectral flow we define will be dependent on the boundary data of this function.
Define D(I, W, H) as an extension of A (I, W, H) where we lift the restriction that
the limit operators are bijective. Then define for A ∈ D(I, W, H):

sf′ψ(A) = lim
ε→0+

sf(A + εψ id).
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Since by assumption the limit operators are self-adjoint, their spectra are discrete.
Let δ > 0 denote the minimal absolute value of an non-zero eigenvalue of the two
boundary operators. The curves Aε = A + εψ id for 0 < ε < δ are then all in
A (I, W, H). To see this, consider the positive limit operator A+. It can be checked
that the elements of its kernel are now in the (δ)-eigenspace of A+

ε , and since δ < |λ|
for every non-zero eigenvalue of A+, no other eigenspace has been moved enough
to become the kernel of the new operator. Hence the family A+

ε is non-singular if ε
is perturbed within the range (0, δ), and as such the spectral flow must be preserved.
This means that the limit defining sf′ψ is constant for small enough ε, making our
new spectral flow well-defined. When the ends are non-degenerate, we can even set
ε = 0 and still obtain a non-singular family, which implies that the new definition of
spectral flow is in fact an extension of the old one, for any function ψ.

We have said above that the spectral flow sfψ depends on the function ψ. However
it only depends on the sign of ψ(±1). If the homotopy class of ψ|{0,1} → R \ {0}
is unchanged, then A + εψ id are all homotopic with non-degenerate ends for small
enough epsilon, and thus thave the same spectral flow. Let us first give an account
of the properties of sfψ before discussing the change in spectral flow when ψ(±1) is
homotoped through 0.

Theorem A.42 For every compact inclusion W → H of separable Hilbert spaces
and closed interval I ⊂ R̄, there exists a unique map sf′I : D(I, W, H) → Z, such
that the following axioms hold:

• (Homotopy) The map sf′I is continuous on A (I, W, H). Furthermore, if A ∈
D(R) and A(±∞) have no eigenvalues except potential zero eigenvalues in
the range (−δ, δ) for some δ > 0, then for any 0 ≤ ε < δ:

sf′R(A) = sf′R(A + ε id).

• (Constant) If A is a constant path then sf′I(A) = 0.

• (Direct sum) For two paths Ai ∈ D(I, Wi, Hi) there holds

sf′I(A1 ⊕ A2) = sf′I(A1) + sf′I(A2).

• (Extension) Let I ⊂ R with A ∈ D(I) admitting an extension Ã ∈ D(R).
Then:

sf′I(A) = sf′R(Ã)

• (Normalization) If W = H = R and A(t) = arctan(t) then sf′R(A) = 1.

Proof First, existence. We claim that the spectral flow sf′ψ defined above, where
we choose ψ(t) = 1, provides an example which satisfies all of the axioms above.
Since ψ(±1) > 0 means that the kernel on both ends get pushed up, denote this
spectral flow by sf+. Let us check the axioms. Normalization is trivial, since sf+
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agrees with the usual spectral flow on non-degenerate families. Constant is also
clear. Direct sum and Extension follow by applying the corresponding axioms to the
perturbed families (and for Direct sum we additionally need to choose the same ε
for both families). Furthermore, the first part of Homotopy also follows from the
corresponding axiom for the usual spectral flow. Now if δ and ε are as above, then
for ε′ such that ε+ ε′ < δ:

sf+(A) = sf(A + ε′ψ id) = sf(A + (ε+ ε′)ψ id) = sf+(A + ε id).

Now onto uniqueness. Since for A ∈ A (I, W, H), the axioms reduce to the ones
described in theorem A.38 for non-degenerate ends, we immediately have that sf′ |A
is well-defined and unique (since we already know it exists). Now suppose we have
a general element A ∈ D(I, W, H). Then using extension and homotopy we have for
sufficiently small ε:

sf′I(A) = sf′R(Ã) = sf′R(Ã + ε id).

Now since Ã + ε id has non-degenerate ends, a property which is maintained if ε
is varied in a small enough neighborhood around zero, we have determined sf′I(A)
uniquely from the spectral flow on non-degenerate ends, thus the entire spectral flow
on degenerate ends must be unique. �

Corollary A.43 For I = I1]I2, Ai ∈ D(Ii, W, H) and A = A1]A2 we have

sf′I(A) = sf′I1
(A1) + sf′I2

(A2).

Proof By the previous theorem, we only have to verify the claim if sf′ = sf+. But
there it follows directly from the corresponding result A.40 for the non-degenerate
case applied to the families A(i) + εψ id, where we choose the same ε for all three
families. The fact that ψ(1) = ψ(−1) assures that the concatenation of the families
is well-defined, and that every crossing introduced from A1 at degenerate end I1 ∩ I2
is compensated by a crossing with different sign of A2. �

Our choice for the boundary data of ψ was to some extend arbitrary. Had we chosen
ψ(±1) = −1 instead we could have proven the analogue of theorem A.42 by replac-
ing in the homotopy axiom A + ε id by A − ε id. The problem with degenerate ends
is that it is not clear if the crossings at the boundary should be counted as ending up
in the positive half-space, or the negative one. By choosing ψ(±1) > 0 we decided
that the crossings should be counted as ending up negatively. A choice of ψ(±1) < 0
would have pushed them up instead. The difference between these two approaches
lies exactly in the kernel of the boundary operators. To make this more precise, de-
note by sf+− the spectral flow corresponding to ψ(−1) = 1 and ψ(+1) = −1. We
then have the following relation between sf+− and sf+.

Proposition A.44 For I = (a, b) some finite interval we have:

sf+−(A) − sf+(A) = − dim ker A(b)
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Proof Consider Ā = A]U, where U = A(b) + ε(t − b) id is defined on (b, b + 1)
with an ε chosen so that U(b + 1) is non-degenerate, and there are no crossing in
(b, b + 1). Then:

sf+−(A) = sf(Ā) = sf+(Ā) = sf+(A) + sf+(U).

Now sf+(U) = sf(A(b) + (ε)(t − b) id+ε′ id) for small enough ε′ > 0. There is
only a single crossing of this flow (which is also non-degenerate), namely at time
t = 1 + ε′

ε , where the crossing operator has kernel given by ker A(b), and thus
sf+(U) = − dim ker A(b), completing the proof. �

A.7 Hodge Theory

Proposition A.45 Let E → (M, g) be a vector bundle over a Riemannian manifold.
Let $ ∈ C (E) be a connection. Then the Hodge Laplacian ∆$ = d$δ$ + δ$d$,
which maps Ωk(M, E) to itself is self-adjoint and elliptic.

Proof Let d$ : Ωk(M, E) → Ωk+1(M, E) be the exterior derivative associated to
$, and δ$ : Ωk+1(M, E) → Ωk(M, E) be its adjoint. As a connection locally has
the form of a de Rham differential, its symbol is given on ξ ∈ T ∗pM by:

σd$(ξ) = (ξ ∧ ·) ⊗ idE

Thus we have for its adjoint:

σδ$(ξ) = σ∗d$(ξ) = (ιξ] ·) ⊗ idE

Taken together we obtain:

σ(∆$)(ξ) = (ξ ∧ ιξ] ·+ιξ]ξ ∧ ·) ⊗ idE = id∧k T ∗M ⊗ idE ,

which is clearly an isomorphism, making ∆$ elliptic.

Self-adjointness is easily verified as well, as d∗$ = δ$, so that:

∆∗$ = (d$δ$ + δ$d$)∗ = δ$d$ + d$δ$ = ∆$. �

Now by the results from section A.3 ∆$|Ωk is automatically Fredholm on a compact
base manifold, hence has finite-dimensional kernel. It can be checked that this kernel
is in fact given by ker ∆$ = ker d$ ∩ ker δ$. This has a number of applications to
topology, which we will now investigate. Various other relations can be proven using
the self-adjointness of ∆$ and the fact that δ$ is the adjoint of d$.

Theorem A.46 Let k ∈N. Denote by ∆$ the Hodge Laplacian restricted to k-forms.
Then the following are orthogonal decompositions:

• ker ∆$ ⊕ im ∆$ = Ωk(M, E)
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• ker d$ ⊕ im δ$ = Ωk(M, E)

• im d$ ⊕ ker δ$ = Ωk(M, E)

If the connection $ is flat, we have have furthermore d2
$ = R$ ∧ · = 0, so we can

consider the twisted de Rham complex:

Ω0(M, E)
d$
−−→ Ω1(M, E)

d$
−−→ . . .

d$
−−→ Ωn−1(M, E)

d$
−−→ Ωn(M, E) (A.2)

We denote its cohomology groups by Hk
$ = Hk(M, d$) = ker d$/ im d$. These

cohomology groups can also be represented in term of the Hodge-Laplacian:

Theorem A.47 Denote by H k(M, d$) := ker ∆k
$ the set of harmonic forms. We

have an isomorphism:
H k(M, d$) ' Hk(M, d$).

Proof ker ∆k
$ ' ker d$∩ker δ$ = ker d$∩ (im d$)⊥ ' ker d$/ im d$ = Hk(M, d$).

Notice that for E a trivial line bundle and $ a trivial connection corresponding to
the Lie derivative of functions, we recover the usual de Rham complex of a man-
ifold. Recall furthermore that for a flat $ corresponds to a representation ρ ∈

hom(π1(M), GL(n)). In fact these homology groups also have definitions in terms
of the representation alone, the so called group cohomology (see for instance [11]).
We finish our presentation of Hodge theory by giving a generalization of Poincaré
duality to the twisted setting:

Theorem A.48 (Twisted Poincaré Duality) There is a perfect pairing

Hk(M, d$) ×Hn−k(M, d$)→ R

and thus Hk(M, d$) ' Hn−k(M, d$).

Proof Notice that using an auxiliary metric on E, one can define an inner product
on Ωk(M, E), denoted by 〈〈·, ·〉〉. The Hodge-star operator commutes with the Hodge-
Laplacian, and thus maps harmonic forms to harmonic forms. The pairing we are
interested in will then be:

b : H k(M, d$) ×H n−k(M, d$)→ R; (σ, τ) 7→ 〈〈σ,?τ〉〉

Notice that if τ , 0, then clearly b(?τ, τ) = ‖τ‖ , 0, and similarly if σ , 0 then
b(σ,?σ) = ±‖σ‖ , 0. Thus the pairing is perfect. �
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Appendix B

Topology

In this appendix we will introduce the machinery to understand the classification of
vector and principal bundles over a given topological space. We will then see appli-
cations to the case of principal SU(2)-bundles over 3- and 4-manifolds. Next, the
relation between the topology and curvature of a bundle given by the Chern-Weil
homomorphism will be explained, and again the case of SU(2)-bundles is examined
in more detail. Finally, we introduce low-dimensional cobordism groups and mo-
tivate the fact that every compact oriented 3-manifold bounds a compact oriented
4-manifold.

B.1 Topology of vector bundles

Let K be R, C or H. Denote by VectK : Top → Set the functor which assigns
to every topological space X the set of isomorphism classes of K-vector bundles
on X. If f : Y → X is a continuous map, then VectK( f ) is given by the pullback
f ∗ : VectK(X)→ VectK(Y) of vector bundles, hence it is a contravariant functor. Let
Vectn

K
be the functor that only assigns isomorphism classes of n-dimensional vector

bundles to a base space.

Theorem B.1 (Classification via homotopy) Let n ≤ m ∈ N. Let GrK(m, n) be
the Grassmannian of n-planes in Km. Denote by GrK(∞, n) = lim

−−→m
GrK(m, n) the

Grassmannian of n-planes in K∞. Then for compact X there is an isomorphism:

VectnK(X) ' [X, GrK(∞, n)],

where the vector bundle corresponding to a map X → GrK(∞, n) is given by pullback
of a universal n-dimensional bundle En

K
over GrK(∞, n). A map corresponding to

a vector bundle is called a classifying map for the vector bundle.

The key characteristic of GrK(∞, n) is that it is the quotient of a contractible space
V(n, K∞) (the Stiefel manifold of n-dimensional orthonormal frames in K∞) by the
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action of O(n), U(n) and Sp(n) respectively. A generalization of this construction
will shortly lead to the classifying space of a Lie group.

Example B.2 Consider the case n = 1. Then Gr(m, 1) = CPm−1 (the quotient of the
space S 2n+1 by the action of U(1)) and hence Gr(m, 1) = CP∞, which has exactly
one cell in each even dimension. This implies by cellular approximation:

Vect1C(S
2) ' [S 2, CP1] ' [S 2, S 2] ' π2(S 2) ' Z.

The isomorphism here is given explicitly by the degree of the classifying map S 2 →

S 2. Hence in this case the isomorphism class of a complex line bundle is completely
determined by homological information.

B.1.1 Characteristic Classes

We have seen in the previous section that vector bundles are determined up to isomor-
phism by their classifying map, which is homotopical information and therefore hard
to work with. We thus propose a different avenue to classification, which is less pow-
erful, but is easier to compute (since it works with homology rather than homotopy),
characteristic classes. A general characteristic class ϑ of vector bundles is a natural
transformation

ϑ : VectK → Hq(�, A).

Hence it associates to every vector bundle over a space a cohomology class of a given
degree and coefficient group of that space. So in particular ϑ(En

K
) ∈ Hq(GrK(∞, n), A).

Since every vector bundle E → X over a compact base space has a classifying map
f : X → GrK(∞, n), meaning that E ' f ∗En

K
, and characteristic classes are natural,

we must have:
ϑ(E) = ϑ( f ∗En

K) = f ∗ϑ(En
K).

Hence to define a characteristic class for K-vector bundles over compact spaces, it is
sufficient to pick a cohomology class in Hq(GrK(∞, n), A) for every n. This is why
characteristic classes are homological in nature. Recall the cohomology rings of the
classifying spaces for vector bundles:

Theorem B.3 (Homology of classifying spaces, [18])

• H∗(GrR(∞, n), Z2) ' Z2[w1, w2, . . . , wn] where wi has degree i.

• H∗(GrR(∞, n), Q) ' Q[p1, p2, . . . , pbn/2c], where pi has degree 4i.

• H∗(GrC(∞, n), Z) ' Z[c1, c2, . . . , cn], where ci has degree 2i.

Using these computations be can define the following characteristic classes:

Definition B.4

• The Stiefel-Whitney characteristic classes wi ∈ Hi(�, Z2) correspond to the
generators of H∗(GrR(∞, n), Z2).

102



B.1. Topology of vector bundles

• The Pontrjagin characteristic classes pi ∈ H4i(�, Z) correspond to the gener-
ators of H∗(GrR(∞, n), Q).

• The Chern characteristic classes ci ∈ H2i(�, Z) correspond to the generators
of H∗(GrC(∞, n), Z).

However these particular examples of characteristic classes can also be characterised
axiomatically, as we will explain on the example of the Chern classes. For a more
detailed exposition to these ideas, see [19].

Proposition B.5 (Chern classes axiomatically) The characteristic classes ci : Vect→
H2i(�, Z) are uniquely determined by the following properties:

1. c0(E) = 1

2. ci( f ∗E) = f ∗ci(E) for all f : X → Y continuous.

3. ck(E ⊕ F) =
⊕

i+ j=k ci(E) ∪ c j(F)

4. c1(TCP1) , 0

Note that from properties 1 and 3 we can deduce that ci([n]) = 0 for i > 0 and [n] the
trivial n-dimensional bundle. The Chern classes can be employed to distinguish vec-
tor bundles. However they are in general not quite enough to classify them entirely.
As an example, the k-th Chern class on a compact space X descends to morphism
ck : KC(X) → Hk(X) on complex K-theory, but the map VectC(X) → KC(X) need
not be injective. Then again, sometimes they are in fact sufficient for classification.

Proposition B.6 (Classification of low-rank vector bundles) There is an isomorphism

Vect1C(X)→ H2(X); [E] → c1(V),

given by the first Chern class.

Proof From theorem B.1 we see that Vect1
C
(X) ' [X, CP∞], where to each vector

bundle we assign a classifying map, i.e. E 7→ fE . Since H∗(CP∞) = Z[c1], all
homological information of f ∈ [X, CP∞] is encoded in the first Chern class. It
turns out that CP∞ is also a K(2, Z), meaning that all of its homotopy groups vanish,
except for the second one, which is Z. This has as a consequence that [X, CP∞] '
H2(X, Z) for every compact space X, where is the isomorphism is given as:

f 7→ f ∗c1 ∈ H2(X, Z)

Since by naturality of the Chern class f ∗Ec1(E1
C
) ' c1( f ∗EE1

C
) ' c1(E), the isomor-

phism:
Vect1C(X)→ [X, CP∞] → H2(X, Z)

is exactly given by the first Chern class. �
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Chern-Weil Theory for vector bundles

So far we have seen two approaches to characteristic classes, the homotopical and the
axiomatic. It turns out there is still a different way of defining characteristic classes
when the base space is a smooth manifold, which relies on the relation between
curvature and topology. We present the outline of lecture 37 of the notes [4].

Let Vn be a K-vector space where K = R or C. A polynomial function or simply
polynomial of degree d on V is a map p : V → C such that for some (and hence
every) basis {ei}1≤i≤n of V∗ we have for some αI ∈ K :

p(v) =
∑
|I|≤d

αIeI(v) =
∑
|I|≤d

αIei1(v) . . . ei|I|(v).

We say that a polynomial p is homogeneous of degree d, if additionally it is of the
form p =

∑
|I|=d αIeI , i.e. all its monomials are of top degree. We denote the set

of homogeneous polynomials of degree d by Pd(V), and the set of all homogeneous
polynomials by P(V) =

⊕
d≥0 Pd(V). Let p ∈ Pd(g) be a polynomial on the Lie

algebra of a Lie group G ⊂ GL(n, K). We say that p is ad-invariant if it satisfies:

p(gvg−1) = p(adg v) = p(v) ∀g ∈ G,∀v ∈ g.

We denote the subset of ad-invariant polynomials by PG(g), respectively PG
d (g) if

we want to indicate the degree. Using these ad-invariant homogeneous polynomi-
als we will now construct characteristic classes on vector bundles. Fix a homo-
geneous polynomial p =

∑
|I|=r αIeI ∈ PGL(n,K)

r (gl(n, K)) and let En → M be
a K−vector bundle with a connection ∇ ∈ C (E) and associated curvature form
R∇ ∈ Ω2(M, End E). The curvature is given by local representatives (R∇)α =∑

i ωi ⊗ si ∈ Ω2(Uα, gl(n, K)), so we can define:(
p(R∇)

)
α
=

∑
|I|=d

αIωi1 ∧ · · · ∧ωi|I|e1(si1) . . . e|I|(si|I|)

By ad-invariance these local representatives fit together to form a 2r-form p(R∇) ∈
Ω2r(M). We have the astonishing proposition:

Proposition B.7 The 2r-form p(R∇) is closed, thus determines a class in de Rham
cohomology of M, and this cohomology class is independent of the connection ∇
chosen to define p(R∇).

The proof relies the Bianchi identity dEndR∇ = 0 and on the fact that the connections
form an affine space (which is therefore connected). With a little more effort one can
prove the following even more impressive result:

Theorem B.8 (Chern-Weil Homomorphism) There is a ring homomorphism asso-
ciated to a vector bundle E → M, called the Chern-Weil homomorphism:

CWE : PGL(n,K)(gl(n, K))→ H∗(M, K).

104



B.2. Topology of principal bundles

It is natural with respect to pullback, meaning that for a smooth map ϕ : M → N:

CWϕ∗E = ϕ∗ ◦CWE .

Example B.9 (Chern classes) Consider G = GL(n, C) with Lie algebra gl(n, C).
Consider the characteristic polynomial associated to a matrix X ∈ gl(n, C):

c(λX) = det
(
id+λ

X
2πi

)
.

Here the normalization of X is chosen so that the classes we construct will in fact be
integral. The characteristic polynomial (which is also called the total Chern class)
however is not itself a homogeneous polynomial on gl(n, C) as we defined it above,
since it is the sum of polynomials of different degrees:

det
(
id+λ

X
2πi

)
=

n∑
i=0

ci(X)λi

It is clear that the ci : gl(n, C) → C are in fact in PGL(n,C)
i (gl(n, C)). Simply note

that the LHS of the above equation is ad-invariant, and ci is homogeneous of degree i
by definition. One can prove that CW(ci) ∈ H2i(M, C) are in fact the Chern classes
that we have already defined above. This can for instance be done by checking the
axioms in B.5. Axioms 1 and 4 can be explicitly be computed to be true (by setting
λ = 0 and by considering the Levi-Civita connection of the round S 2 respectively),
and axioms 2 and 3 are consequences of theorem B.8.

B.2 Topology of principal bundles

Let G be a Lie group. Denote by PrincG : Top → Set the functor which assigns
to every topological space X the set of isomorphism classes of G-principal bundles
on X. If f : Y → X is a continuous map, then PrincG( f ) is given by the pullback
f ∗ : PrincG(X)→ PrincG(Y) of principal bundles, hence it is a contravariant functor.

Theorem B.10 (Classification via homotopy) Let G be a compact Lie group and X
be a compact topological space. Then there is a topological space BG as well as
a contractible space EG, such that EG → BG is a principal G-bundle, called the
universal bundle. Every principal G-bundle P→ X can be obtained via pullback of
EG along a map f : X → BG, called its classifying map, and the homotopy class of
f uniquely determines the isomorphism type of P, hence:

PrincG(X) ' [X, BG].

Alternatively every principal bundle has a presentation in terms of transition func-
tions. Given an atlas U =

{
(Uα,ϕα)

}
α∈A of the base manifold M, there are transition
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functions gα,β : Uα ∩ Uβ → G such that P '
⊔
α∈A {a} ×Uα ×G/ ∼, where for

(α, p) with p ∈ Uα ∩Uβ we have (α, p, g) ∼ (β,ϕβ ◦ ϕ−1
α (p), gαβ(p)g). In fact its

isomorphism type is determined by this Čech cocycle.

Theorem B.11 (Classification via cohomology, [20] Thm 3.6)

PrincG(X) ' Ȟ1
(X, C∞(·, G)),

where on the right-hand-side we mean Čech cohomology with coefficients in the sheaf
of G-valued functions.

In the case of G having the discrete topology, sheaf cohomology reduces to regular
cohomology, hence by combining the two theorems above with the representability
of cohomology by the Eilenberg-Maclane spectrum we obtain:

Corollary B.12 Let G be a discrete group. Then PrincG(X) ' Ȟ1
(X, G) ' H1(X, G) '

[X, K(G, 1)] naturally and hence BG ∼ K(G, 1).

We are now in a position to classify all bundles which are relevant for our purposes.
Let K = R, C or H. Then BK× ' KP∞ and so in particular:

Theorem B.13 Let X be any topological space. Then:

PrincSU(2)(X) ' [X, HP∞]

If X is a smooth oriented manifold of dimension 4, PrincSU(2)(X) ' Z. If X is a
CW-complex of dimension less than 3, every principal bundle over X is trivial.

Proof If X is a smooth oriented manifold of dimension 4, by cellular approximation:

PrincSU(2)(X) ' PrincH×(SU(2)) ' [X, HP1] ' [X, S 4] ' π4(X),

the fourth cohomotopy group of X. This is because SU(2) can be identified with the
unit sphere in H. By the Pontrjagin construction (see for instance section 7 in [6]):

π4(X) ' Z,

where the isomorphism is given by the degree. If X is a CW-complex of dimension
less than 3, again by cellular approximation:

PrincSU(2)(X) ' [X, HP0] ' [X,?] = 0,

since HP∞ admits exactly one cell in dimension 4k, k ∈N. �

B.2.1 Characteristic classes

As in the case for vector bundles, characteristic classes for principal bundles are
cohomology classes in the base manifold that behave naturally with respect to mor-
phisms of principal bundles, and all the same remarks apply. We will now present
the Chern-Weil theory for unitary bundles, as it will allow us to relate the topology
of a principal bundle to its curvatue.
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Chern-Weil Theory

Let P ∈ PrincG(M) be a principal G-bundle over a smooth manifold M. Similarly as
before, one can associate to an ad-invariant homogeneous polynomial p ∈ PG

d (g) a de
Rham cohomology class. Again we could choose either real or complex coefficients,
but since we are mostly interested in SU(2)-bundles, we’ll restrict to complex coef-
ficients. However this time we consider the curvature as a form F$ ∈ Ω2(M, ad P)
instead of R∇ ∈ Ω2(M, End E). Since the sections of ad P transform under the adjoint
representation when changing charts, ad-invariance again provides well-definedness
of the form p(F$). The relevant form of the Bianchi identity d$ F$ = 0 then allows
to prove the Chern-Weil theorem in the setting of principal bundles:

Theorem B.14 (Chern-Weil Homomorphism) Let P ∈ PrincG(M). Then there is
an algebra homomorphism, called the Chern-Weil homomorphism:

CWP : PG(g)→ H∗(M, C)

It is natural with respect to pullback, meaning that for a smooth map ϕ : M → N:

CWϕ∗P = ϕ∗ ◦CWP .

Example B.15 (Chern classes) Let ι : G ↪→ GL(n, C) be a matrix Lie group. Con-
sider again the characteristic polynomial with its decomposition into homogeneous
terms:

det
(
id+λ

�

2πi

)
=

n∑
i=0

ci(�)λ
i : g→ C.

These are again well-defined characteristic classes, the Chern classes of P. As G is
a matrix Lie group, every P has a distinguished associated bundle, namely

EP = P ×ι Cn.

It is the (up to isomorphism) unique vector bundle that has the same transition maps
gαβ : Uαβ → G ⊂ GL(n, C) as P. Their Chern classes are identical:

CWP(ci) = CWEP(ci) ∈ H2i
dR(M, C).

Example B.16 (Chern classes on SU-bundles) In the case of an SU(2)-bundle, the
Chern classes are given by the formulae:

• c0(F$) = 1

• c1(F$) = 0

• c2(F$) =
1

8π2 tr(F$ ∧F$)
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Proof Let X =

(
a b
c d

)
∈ su(2) be given. Recall that the Chern classes are given as

the Taylor expansion of the total Chern class, which for t ∈ R is :

c(tX) = det
(
id+

tX
2πi

)
=

2∑
i=0

tici(X)

And we compute explicitly:

det
(
id+

tX
2πi

)
= det

(
1 + at

2πi
bt

2πi
ct

2πi 1 + dt
2πi

)
= 1 + t

a + d
2πi

+ t2 bc − ad
4π2

Hence c0(X) = 1 and c1(X) =
tr(X)
2πi = 0 since su(2)-matrices are traceless. A

further computation yields: bc − ad =
(a2+bc+cb+d2)−2(a+d)2

2 =
tr(X2)−tr2(X)

2 =
tr(X2)

2 ,
which gives the formula for c2. �

B.3 Cobordism groups

The oriented cobordism group ΩSO
n has as underlying set the oriented manifolds

of dimension n up to oriented cobordism. This means that two manifolds M and
N are considered equivalent if there is an oriented (n + 1)-manifold W such that
∂W = M ∪ N̄ with matching orientations. The group operation is the disjoint union
of manifolds.

Let M be an n-dimensional oriented manifold with distinguished fundamental class
[M] ∈ Hn(M). Consider a partition n = p1 + 2p2 + · · ·+ npn, meaning that pi ∈N

for 1 ≤ i ≤ n. Denote the vector of integers (p1, . . . , pn) by p. We can then evaluate
the cohomology class

wp =
n⋃

i=1

(wi(T M))pi ∈ Hn(M)

on the fundamental class [M] to obtain the (p1, · · · , pn)-Stiefel-Whitney number:

]wp = wp([M]) ∈ Z

Similarly, we can define the Pontrjagin numbers and for complex manifold the
Chern numbers. They provide a way to compare the tangent bundles of two man-
ifolds, even though these do not have the same base space, which makes it impossi-
ble to compare cohomology classes directly. Diffeomorphic manifolds clearly have
the same characteristic numbers, but non-diffeomorphic ones need not have different
numbers. In fact the classification strength lies somewhere in between being able
to determine diffeomorphism types and being useless. More precisely we have the
following result:
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Theorem B.17 (Wall, 1960, [19]) Two oriented manifolds are oriented cobordant
iff their Stiefel-Whitney and Pontrjagin numbers agree.

From this theorem and the fact that only finitely many characteristic numbers are
non-vanishing for manifolds of a given dimension (as there are only finitely many
ways to partition an integer) we obtain the following corollary:

Corollary B.18 ΩSO
n is finitely generated.

Let us apply this machinery to our case of interest, dimension three. In this dimen-
sion there are no non-zero Pontrjagin classes, w1 vanishes because we only consider
oriented manifolds, and w2 vanishes since every oriented three-dimensional manifold
is spin (Theorem 1 on page 46 of [21]), we have

ΩSO
3 = 0.

Hence, every three-dimensional manifold is the boundary of a compact four-dimensional
manifold.
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d, d$ : Ωk → Ωk+1 (twisted) de Rham differential
δ, δ$ : Ωk → Ωk−1 adjoint of (twisted) de Rham differential
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], [ : Ωk
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C k,p(P) connections of Sobolev class Wk,p

ω,$ connection on 3− and 4−manifold.
A, A connection potential on 3− and 4−manifold.

∇$ : Ω0 → Ω1 induced connection on associated bundle
R∇ ∈ Ω2(M, End(E)) curvature of connection on vector bundle

Ω ∈ Ω2(P, g) curvature of connection on principal bundle
F$ = Ω[ ∈ Ω2(M, ad P) curvature potential

FA = s∗Ω ∈ Ω2(U, g) curvature potential in trivialisation
G (P), G k,p(P) gauge group of principal bundle (of class Wk,p)
Ad P = P ×c G non-linear adjoint fibre bundle

B∗(P) moduli space of (irreducible) connections
Bk,p(P), B∗,k,p(P) moduli space of class Wk,p

R(P) ⊂ C (P) flat connections
R(∗)(P) ⊂ B(∗)(P) gauge equivalence classes of flat connections

C (M), B(M), G (M) corresponding sets for a trivial bundle over M
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D$ four-dimensional instanton deformation operator
CS Chern-Simons functional

grad CS gradient w.r.t. L2-norm of CS
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Hω = d grad CS(ω) Hessian as linear operator
Lω = Sω ⊕ Hω three-dimensional deformation operator of CS
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CF•(N) Floer chain complex
∂g Floer boundary operator (dependen on metric)

HF•(N, g) ' HF•(N) Floer homology groups
nCob n-dimensional oriented cobordism category

Γ(E) smooth sections of vector bundle
Lp(E) Lebesgue class sections of vector bundle

Wk,p(E) Sobolev class sections of vector bundle
σP(ξ) symbol of partial differential operator
σ(A) spectrum of linear operator
sf, sfI spectral flow
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